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Intr oduction

Jetsareubiquitousin theuniverse.They arehighly collimatedflowsof gasandenergy
producedby a largevarietyof astrophysicalobjects.Theseincludeyoungstars,stellar
massblackholes,ActiveGalacticNuclei andpresumablyalsoGammaRayBursts.

Despitethelargedifferencesin thesizesof thesejets,thephysicsof thepropagationof
jet flows andtheradiative mechanismsat work in themaresimilar in many cases.In
particular, jetspoweredby accretiondisksin binarystarswith ablackholecomponent
(microquasars)areprobablysmall-scaleversionsof theoutflows from AGN.

Relativistic jetswith bulk Lorentzfactorsrangingfrom � 2 to � 20areobservedclose
to someAGN (Begelman,Blandford& Rees1984). The explanationfor the knots
seenin the jets of microquasarsandAGN are shockfronts travelling along the gas
flow constitutingthejet. Theseshocksaccelerateelectronsto veryhighrandomveloc-
ities. Theirrelativistic Lorentzfactorscanreachseveral

�����
whichimpliesvelocitiesin

excessof 0.9999999995timesthespeedof light! As theseelectronsemit synchrotron
radiationwhich we observe, thereare also magneticfields in jets. How thesefast-
moving jetsareproducedremainsanopenquestion.

Although variousmechanismshave beenproposedto explain jets accelerationand
collimation,sincethe famouswork of Blandford& Payne(1982)anelectromagnetic
origin of jetsseemsto befavoured.

In general,dueto the complexity of the magnetohydrodynamicequationsdescribing
the field structureandthe flow dynamicsalongthe field, stationaryrelativistic mod-
els of magneticjets have to rely on simplifying assumptionssuchasself-similarity
(Contopoulos1994,1995),someotherprescriptionof thefield structure(Li 1993)or
therestrictionto asymptoticregimes(Chiueh,Li & Begelman1991;Appl & Camen-
zind 1993b;Nitta 1994,1995). For highly magnetizedjets the force-freelimit may
beapplied. This allows for a truly two-dimensionalcalculationof themagneticfield
structure(Fendt,Camenzind& Appl 1995;Fendt1997a).

Takinginto accounttheobservationalevidenceof aconnectionbetweendisks,jetsand
magneticfields,thepurposesof this work were:� Thenumericalcalculationof theglobaltwo-dimensionalstructureof thejetmag-
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4 Intr oduction

netosphere,including differential rotation of the foot points of the field lines
(Fendt& Memola2001a;Memola& Fendt2001).� Theinvestigationof theinner jet X-ray emissionasa tracerof thejet dynamics
(Fendt& Memola2001b;Memola,Fendt& Brinkmann2002).

This thesisis organizedin 5 chapterswith a final partdedicatedto summaryanddis-
cussionof thenewly obtainedresults.

Chapter 1: a brief overview aboutastrophysicalobjectswith jets is presentedand
theexamplesof M87 andHH212areillustrated.A shortintroductionto thestandard
modelof amagneticjet-disksystemis given.

Chapter 2: the problemof the magneticfield structurecalculationis described. It
impliesthesolutionof thespecialrelativistic Grad-Shafranov equation.

Chapter 3: numericalresultsshowing theglobaltwo-dimensionaljet field distribution
arepresentedanddiscussed,with particularapplicationto theactivegalaxyM87.

Chapter 4: asolutionof themagneticwind equationalongagivenfield line is usedto
obtainX-ray luminositiesof jet-tori at differenttemperatures.

Chapter 5: the total spectraof the inner jet arepresentedfor differentinclinationsof
theline-of-sightto thejet-axis.Dopplershiftingandboostingof eachvolumeelement
alongthe jet have beentaken into account.Resultsarecomparedwith observational
dataof themicroquasarsGRS1915+105andXTE J1748� 288.

Summary: outlineanddiscussion.

Appendix: detailsabouttheFinite ElementCode(Camenzind1987;Fendt,Camen-
zind & Appl 1995; Fendt& Memola 2001a;Memola & Fendt2001) usedfor the
solutionof theGrad-Shafranov equationareclarified.



Chapter 1

Astrophysical jets

1.1 Observational evidence

Highly collimatedandaxisymmetricjetsareobservedin YoungStellarObjects(YSOs),
in high energy galacticsources(microquasars)and Active GalacticNuclei (AGN).
Someobservationalevidencesuggestsalsothepresenceof jetsin Gamma-RayBursts
(GRBs).

Collimatedjetsseemto besystematicallyassociatedwith thepresenceof anaccretion
disk arounda star or a collapsedobject. In all known type of jet sourcesa disk is
believedto bepresent(Mirabel& Rodr�	 guez1999).Ontheotherhand,thereexist disk
systemswithout jets, like in the caseof CataclysmicVariables(CV) binary systems,
but thereasonfor this physicaldifferenceis not yet known.

It hasbeenarguedthatwhenrelativistic motionof thejet materialis observed,thejet
mustbe stronglymagnetized(Michel 1969;Fendt& Camenzind1996). To produce
superluminalmotion therearetwo requirements:(i) the blobsmustbe moving with
velocitiesapproachingthe speedof light ( 
 � � ), (ii) the blob trajectorymust be
inclinedat asmallangleto theline-of-sight.

Jetsareradio, infrared,optical,X-ray and � -ray emitters(e.g.Sikoraet al. 1997). In
particular, thestronglypolarizedopticalandradiosynchrotronradiation(e.g.Burbidge
1956)is thesignatureof thepresenceof magneticfields.

1.1.1 YoungStellar Objects

Observationsshow thatyoungstellarobjects(YSOs)mayconsistof threemaincom-
ponents:a protostar(e.g.a TTauri star)a circumstellaraccretiondisk andhighly col-
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6 Astrophysical jets

limated jets (sometimesbeingrelatedto Herbig Haro (HH) objects)that canextend
from 100AU till

����
AU awayfrom theyoungstar(Biretta1999)with velocitiesabout

400km/sec(e.g.Mundt et al. 1990).

The accretiondisk channelsthe gasanddustof a collapsingcloud onto the central
protostellarobject. The outflowing gasis thoughtto be collimatedandaccelerated
by magneticfields, but direct observationalevidencefor suchfields hasso far been
lacking. Theyoungstardipolarfield strengthmaybeof theorderof someor several
kiloGauss(Andr �� etal. 1991;Rayet al. 1997).

Jetscanin principlebeusedto studytheaccretionandejectionhistoryof thesystem,
hiddenfrom direct view by thedustanddensegasof theparentcloud. On theother
hand,jets have often structurestoo complex to determinewhich featuresariseat the
sourceandwhich aretheresultof later interactionswith thesurroundinggas.An ex-
ampleof a protostellarjet is shown in Fig. 1.1 (Zinnecker, McCaughrean& Rayner
1998).Thejet is drivenby aninvisibleprotostar, atadistanceof 400pc,in thevicinity
of theHorseheadnebula in Orion. Fig. 1.1 is a high-resolutionnear-infraredimageof
the centralknotsandbowshocksin HH212, extendingfor ��������� ����� AU. HH212
coversatotal lengthof � �����

AU. Theseobservationsshow aremarkablebipolarsym-
metry centredon the driving source,and, in particular, a sequenceof knotty shock
structuresoccurringat quasi-regular intervalsandwith near-perfectmirror symmetry
eithersideof thesource.

1.1.2 Micr oquasars

Microquasars(Mirabel & Rodr�	 guez1999)areX-ray binarieswith relativistic jets in
our Galaxy. They mimic, on a muchsmallerscale,many of the phenomenaseenin
quasars.In thesebinariesof stellarmassthethreebasicfeaturesof quasarsarefound:
a black hole, an accretiondisk andcollimatedjets. In microquasars(seeFig. 1.2) a
black hole of a few solarmassesis presentinsteadof a several million solarmasses
oneasin quasars;thedisk hasmeanthermaltemperaturesof severalmillion degrees
insteadof severalthousands;thematterejectedatrelativistic speedcanreachdistances
of afew light yearsagainstseveralmillion of yearsasin thecaseof giantradiogalaxies
(Mirabel & Rodr�	 guez1998). Five microquasars(at the moment,but the numberis
increasing!)arefor suresuperluminalsources:1) GRS1915� 105,with a blackhole
massof

���������! 
(Greiner, Cuby& McCaughrean2001)at a distanceof 7–12kpc

from theSun(Fenderet al. 1999),2) GRO J1655� 40,with a blackholemassaround
7
�! 

, at a distanceof 3.2kpc (Greiner2000),3) XTE J1748� 288,with a constraint
for themassof theblackholeof

�#"%$'&(� �*) �! at a distance+ &-,
Kpc (Miller et

al. 2001),4) SAX J1819.3� 2525(V4641 Sgr) with a black hole massaround8.73–
11.70

�! 
(90%confidence)at a distanceof 7.40–12.31kpc (90%confidence,Orosz

et al. 2001),5) XTE J1550� 564 that is believed to harbora black hole, but a mass
function hasstill to be measured,at a distanceof 2.5kpc (Corbelet al. 2001). In all
casestheintrinsicvelocityof thejet componentsis higherthan0.9c. Thejet magnetic
field strengthis not known.
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Figure1.1: High-resolutionnear-infraredimageof thecentralknotsandbowshocksin
HH212(Zinnecker, McCaughrean& Rayner1998).

Till the recentdiscovery of jets from othermicroquasars,Stephenson-Sanduleak433
(SS433)wastheonly known exampleof a mildly relativistic jet in our Galaxy. SS433
is a binary systemin the SNR W50, wherea neutronstar accretesmatterfrom its
companion,forminganaccretiondisk. Thedetectionof large,periodicDopplershifts
in the optical lines of SS433(Margon et al. 1979), resultedin the propositionof a
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kinematicmodel(Fabian& Rees1979;Milgrom 1979),consistingof two jetsof 0.26c
precessingbecauseof tidal forces.

Figure1.2: Diagramillustratingcurrentideasaboutquasarsandmicroquasars(not to
scale)by MirabelandRodr�	 guez(1998).

1.1.3 ActiveGalactic Nuclei

Theactivity in radioquietandradioloudAGN (Urry & Padovani1995)is mostprob-
ablypoweredby accretionontoa supermassiveblackhole.

In radio-quietAGN jets areslow andhighly dissipative. In radio-loudAGN jets are
highly collimatedandrelativistic. Theplasmajet streamsoutward,on scaleof parsec,
atrelativistic speed,while onscaleof hundredskiloparsecor evenMegaparsecit might
bethatthejet velocity is asmallfractionof thespeedof light. Radiojetsarein factde-
tectedonscalesfrom 10.0/ cmto severaltimes101 � cmdistancefrom thehostgalaxy, a
factorof 10largerthanthelargestgalaxies.Thesejetspenetratetheirhostgalaxiesand
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extendinto theintergalacticmediumwherethey endup in brighthot spots.Theorien-
tationof theobserverrespectto thejet is adeterminingfactorin theobservedproperties
of thoseAGN, but thereis astrongtendency in consideringtheseclassesasfundamen-
tally identical. At thecenteris a supermassive blackhole(

�#"%$#23��� /5476 �! ) whose
gravitationalpotentialenergy is theultimatesourceof theAGN luminosity (varying,
from radio wavesto gamma-rays,from 10

� . to 10
�98

erg/sec). Matter pulled towards
theblackhole losesangularmomentumthroughviscousor turbulentprocessesin an
accretiondisk,whichglowsbrightly atultraviolet andperhapssoftX-ray wavelengths.
HardX-ray emissionis alsoproducedvery neartheblackhole,perhapsin connection
with apervasiveseaof hot electronsabove thedisk.
Giving the fact that radio emissionfrom jets is nonthermaland polarized,the phe-
nomenologicalmodelassumedis the optically-thin synchrotronsource. In the limit
of minimum energy requirementcorrespondingto equipartitionbetweenrelativistic
electrons(andprotons)andmagneticfield, the field strengthin AGN jets on scales
2–
����:

kpc is of theorderof milliGauss(Ferrarietal. 1996).Theaccretiondiskaround
a supermassiveblackholecreatesa strongmagnetospherewith typical field strenghts
of theorderof a few kiloGaussat thesurfaceof thedisk (Camenzind1990).

1.1.4 The exampleof M87

Thefirst evidenceof jet-likefeatureemanatingfrom thenucleiof galaxiesgoesbackto
theoptical jet of thegiantelliptical galaxyM87, at a distancefrom earthof 14.7Mpc
(Junor, Biretta& Livio 1999),in theVirgo cluster. M87 wasdiscoveredby theFrench
astronomerCharlesMessierin 1781. Its jet wasdiscoveredby HeberCurtis in 1918
as“a curiousstraightray ... apparentlyconnectedwith the nucleusby a thin line of
matter”, but it remainedan astronomicalcuriosity until the begin of seventies,when
radio-jetsstartedto berevealedin agreatnumberof radio-galaxies.

In Fig. 1.3,asabackground,is animageof thelargescaleradiohalotakenby theVery
Large Array (VLA) at 327 MHz (90cm) from Owen,Eilek & Kassim(2000). The
radio emitting “bubbles”of hot gasarebelieved to be poweredby the black hole at
thegalaxycenter. Thefull extentof theradiosourceis about80kpc endto end. The
innerlobesandthejet canbeseenastheredstructurein thecenterandtheblackhole
is locatedin thecenterof this innerstructure.As detectedby thesatellitesEINSTEIN
andROSAT, M87 andits radiohalosit in a largeatmosphereof hot, X-ray loud gas.
In theVLA imagetakenat 20cm from Owen(seeFig. 1.3) the inner radio lobesare
visible. They extendabout5kpc endto end.Thereis no visible signof a counter-jet,
but the apparentflows seenin the halo suggestthat it exists but is very faint. In the
VLA 2cm image,takenfrom Biretta& Owen(seeFig. 1.3), thescalefrom thebright
coreto theoutermostbright spotis about2kpc. The7mm VLA imagefrom Owen&
Biretta(seeFig.1.3)is aflow-upof thecore.In theVeryLargeBaselineInterferometry
(VLBI) imageat 18cmfrom Biretta& Junor(seeFig. 1.3) thelengthof thevisible jet
is about17pc,while in theVLBI imageat 1.3cm from Biretta& Junor(seeFig. 1.3),
the lengthof thevisible jet is about2.5pc. The innermostjet featureshave a sizeof
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Figure1.3: M87 � From200.000Light Yearsto 0.2Light Year. Credit: F. Owen(Na-
tional RadioAstronomyObservatory), J. Biretta (SpaceTelescopeScienceInstitute)
andcolleagues(http://antwrp.gsfc.nasa.gov/apod/ap990216.html).

about0.1pc,about100timesthesizeof thesupermassiveblackhole(
�;"%$=<-��� 6 �# )

whichdrivesthesystem.

1.1.5 Gamma-RayBursts

GRBsaresudden,intenseflashesof gamma-rayswhich, for a few blinding seconds,
light up in an otherwisefairly dark gamma-raysky (M �� sz �> ros 2001). A major ad-
vanceoccuredin 1991with theall-sky survey of theBurstandTransientExperiment
(BATSE) onboardthe ComptonGamma-RayObservatory (CGRO) measuringabout
3000bursts.Thedurationrange(atMeV energies)wasfrom

��� 4 : secto about
����:

sec,
with amoreor lessbimodaldistributionof longbursts( ?9@BADCFEHGJILK sec)andshortbursts
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( ?9@BADCFEHGNMOK sec). Fastprogresseshave beenmadein the last five years,in fact, the
Italian-DutchBeppo-SAXsatellite,launchedin 1996,succeededin obtaininghighres-
olutionX-ray imagesof GRBeventsanddiscoveringtheX-ray afterglow phenomenon
with theburstGRB970228(Costaet al. 1997),followedby otherGRB detectionsap-
proximatelyat the rateof 10 per year. The measurementand localizationof fading
X-ray afterglows from someGRBs,lastingtypically for days,madepossibletheop-
tical andradiodetectionof afterglows, thatmark thelocationof thebrief GRB event.
Theseafterglows, in turn, allowedthemeasurementof redshiftdistances,theidentifi-
cationof hostgalaxiesandtheconfirmationthatGRBswereatcosmologicaldistances
of theorderof billions of light-years,like themostdistantgalaxies.

Evenat thosedistancesthey appearsobright that their energy outputhasto beof the
order

����� . – ����� � erg/sec,andfrom causalitythis mustarisein a region of sizeof the
orderof kilometersin a time scaleof the orderof seconds.This implies that an eP ,� fireball mustform, which would expandrelativistically (e.g.Shemi& Piran1990),
but asmoothlyexpandingfireballwouldconvertmostof its energy into kineticenergy
of acceleratedbarionsratherthaninto luminosity. This problemwassolvedwith the
introductionof the fireball shockmodel(Rees& M �� sz �> ros 1992;Rees& M �� sz �> ros
1994)basedon the fact that shockwaveswould inevitably occurin the outflow, and
thesewould reconvert the kinetic energy of expansioninto nonthermalparticlesand
radiationenergy (seeFig. 1.4). Similarly to what is observed by spacecraftin in-
terplanetaryshocks,the onesin the fireball outflow areexpectedto be collisionless,
i.e. mediatedby chaoticelectricandmagneticfields.A turbulentmagneticfield could
bebuilt upbehindtheshocks.A beamedjet wouldreducetheenergy requirementsand
someobservationalevidencesuggestsits presence(e.g.Sari,Piran& Halpern1999;
Jensenet al. 2001). Whethera jet is presentor not, suchenergies are in principle
achievablefor burstsarisingfrom stellarprogenitors,but, how thisenergy is converted
into an ultrarelativistic andpossiblycollimatedbulk outflow is still not well under-
stood. Moreover, the progenitorsof GRBsare,so far, not well identified. Oneclass
of candidatesinvolvesmassive starswhosecorecollapses,probablyin the courseof
merging with a companion(e.g. hypernovae,collapsars- for details,seeM �� sz �> ros
2001).Otherpossiblecandidatesareneutronstarbinariesor neutronstar- blackhole
binaries,which looseorbital angularmomentumby gravitational wave radiationand
undergo amerger. All theseprogenitorsareexpectedto haveasfinal resulttheforma-
tion of afew solarmassesblackhole,surroundedby atemporarytoruswhoseaccretion
canprovideasuddenreleaseof gravitationalenergy sufficientto poweraburst.An eP ,� fireball arisesfrom theenormouscompressionalheatinganddissipationassociated
with theaccretion,possiblyinvolvingasmallfractionof baryonsandmagneticfieldsin
excessof

��� . � Gauss,which canprovide thedriving stressesleadingto therelativistic
expansion.Thisfireballmaybesubstantiallycollimated,if theprogenitoris amassive
star, wherean extended,fast-rotatingenvelopecanprovide a naturalescapeway or
funnel for the fireball alongthe rotationaxis. Otherpossiblealternativesincludethe
formation from a stellarcollapseof a fast-rotatingultra-highmagneticfield neutron
star(e.g.Spruit1999),or thetidal disruptionof acompactstarby a

��� �
–
����Q�! 

black
hole.
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Figure1.4: SchematicGRBfrom amassivestellarprogenitor, resultingin arelativistic
jet which undergoesinternalshocksproducinga burstof � -raysand(asit decelerates
throughinteractionwith theexternalmedium)anexternalshockafterglow whichleads
successively to � -rays, X-rays, optical and radio. Iron lines may arisefrom X-ray
illumination of a pre-ejectedshell (e.g.supernova remnant)or from continuedX-ray
irradiationof theouterstellarenvelope(M �� sz �> ros2001).

Figure1.5: Equipotentialsurfacesfor abeadonawire. Thedashedline at R <(S � R�T is
theasymptotefor thesurfaceof marginalstabilitywhichreachesinfinity in U direction
(Blandford& Payne(1982);seealsotext in V 1.2).

GRBsremainat the momentan enigmaticcosmicphenomenonandoneof the most
importantopenquestionsis whethertheburstemissionis isotropicor stronglybeamed
in our direction.
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1.2 The standard model - A magneticjet

The standardmodel of a jet-disk systemhasbeenan original idea of Blandford &
Payne(1982).Energy andangularmomentumareremovedmagneticallyfrom theac-
cretiondiskby field linesanchoredto thedisksurfaceandextendingto largedistances.
Themagneticfield linesaretakento befrozeninto thediskandtheplasmais assumed
to follow themlike a beadon a wire. Therotationalenergy of thedisk plasmais used
to power a magnetizedcentrifugallydrivenoutflow thatmight dissipateits energy in
theregionsof observedradioemission.

Blandford & Payne(1982) show that a centrifugallydriven outflow of matterfrom
the disk is possible,if the poloidal component(throughthe meridionalplane)of the
magneticfield is lower thana certainangle.This canbeshown by comparingequipo-
tential surfacesfor a beadon a wire, corotatingwith the KeplerianangularvelocityWHX �ZY R :T�[ .0\]1 at a radiusR�T . Theequationof thesurfaces,in cylindrical coordinates,is^ W R`_aU [ < � X �RbT c �Ked RR�T�f 1 � RbTWgW R 1 �hU 1 [ .0\]1 [�i <�jlknmporq > m%q (1.1)

(seeFig. 1.5).

If theprojectionof thewire on themeridionalplanemakesanangleof lessthan s �nt
with theequatorialplane,theequilibriumat R < R�T is unstable.Thismeansthereis no
potentialbarrierto theflow, thatcanfreely leave thediskandbeacceleratedoutwards
by the strongcentrifugalforce. If the angleis greaterthan s � t , the equilibrium is
stable,thereforethereis a potentialbarrier(above thedisk) to theflow andthemass
flux rapidlydecreases.

Thedisk wind, beingfirst acceleratedcentrifugally, reachestheAlfv énpoint at large
distancesfrom the disk. Then, the toroidal component(azimuthaldirection) of the
magneticfield becomesimportant,pinching the poloidal outflow (self-collimation)
into apair of anti-paralleljetsmoving perpendicularto thedisk (seealsoFig. 1.6).

1.3 The matter contentof jets

Whereasjets from forming starsarebelieved to be molecularmaterialentrainedby
fasteroutflow of atomicmaterial,thebasicnatureof AGN andmicroquasarsjetshas
not beenunambiguouslydetermined.Possibilitiesincludean electron-protonheavy
plasma(i.e.normalmaterial)andanelectron-positronlight plasma(i.e.apairplasma).

For microquasarswe do not really know whetherthejet consistsof a u 4%vxw or a u 4 u w
plasma(seee.g.Fenderet al. 2000). It couldbe possiblethat thesejets are light jets
(madeof a pair plasmaonly) andwe would not expectto observe an iron line emis-
sion from suchjets. Instead,the iron line emissionwould thenarisefrom processes
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Figure1.6: The modelof jet formation from accretiondisks. The threecomponent
system– centralobject,accretiondisk, jet – is coupledby magneticfield. An accre-
tion disk surroundingthe centralobject is essentialfor jet formation. An important
differencebetweenstellarjetsandblackholejetsis thatthemagneticfield of jetsfrom
blackholesmustbegeneratedby thesurroundingaccretiondisk, in fact,it cannot be
providedby thecentralcollapsedobject.Theaccretingmaterialis partially redirected
into thejet, clearlynomassoutflow is possiblefrom ablackholein contraryto astellar
wind. Credit: Ch. Fendt.

connectedto theaccretiondisk or anaccretioncolumn. Suchmodelswerediscussed
for examplein the caseof XTE J1748� 288 (Kotani et al. 2000; Miller et al. 2001).
Nevertheless,observationsin the radio andshorterwavelengthsgive clearindication
for synchrotronemissionfrom highly relativistic electrons.Whetherthis nonthermal
particlepopulationcontributesto all of theobservedemissionis notclear, ahotthermal
plasmamayalsoexist besidesthenonthermalelectrons.

For AGN relativistic jets theoreticalandobservationalargumentsconcerningthe hy-
pothesisof heavyplasmajets and light plasmajets have beendiscussedalmost20
yearsagofrom Begelman,Blandford& Rees(1984),but no definiteconclusioncould
bedrawn. Celotti& Fabian(1993)haveaddressedtheissueof themattercontentof jets
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in asampleof radio-loudquasarsandradiogalaxies.Combiningthesynchrotronself-
Comptonconstraintswith indicationsof thekinetic luminosity, they suggestthat, for
thesampleasa whole, thejetsareheavy. Two mainissuesremainunsolved: thesource
of the soft photonsthatareinverseComptonscattered,andthe structureof the inner
jet, which cannotbe imageddirectly. The soft photonscanoriginateassynchrotron
emissioneitherwithin the jet (seee.g.Bloom & Marscher1996)or nearbytheaccre-
tion disk,or they canbedisk radiationreprocessedin broademissionline clouds(see
e.g.Ghisellini & Madau1996). Resultsof Reynoldset al. (1996) indicatethe M87
jet to be dominatedby electron-positron(pair) plasma,althoughan electron-proton
plasmacannot beconclusively dismissed.In contrastto theseleptonicjet models,the
proton-initiatedcascademodel (seee.g.Mannheim& Biermann1989) predictsthat
thehigh-energy emissioncomesfrom knotsin jetsasaconsequenceof diffusiveshock
accelerationof protonsto energies so high that the thresholdof secondaryparticle
productionis exceeded.

Heavy jetsfit with relativisticmagnetohydrodynamic(MHD) modelsfor theformation,
accelerationandcollimationof jets,whichpredictasymptoticsolutionswith aslow but
efficient conversionfrom magneticto kineticpowers(Li, Chiueh& Begelman1992).
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Chapter 2

Two-dimensionalmagneticfield
structur eof relativistic jets: setupof
the theoretical problem

2.1 Magnetic jets

Besideobservationsof astrophysicaljet sources,alsotheoreticalconsiderationshave
shown that magneticfields play an importantrole in jet formationand propagation
(Blandford& Payne1982;Pudritz& Norman1983;Sakurai1985;Camenzind1987;
Lovelace,Berk& Contopoulos1991).However, thejet formationprocessitself is still
theoreticallynot fully understood.

Magneticjetsareclaimedto originateverycloseto thecentralobjectin theinteraction
region with theaccretiondisk. If thecentralobjectis a black hole, like in AGN and
in somemicroquasars,the surroundingaccretiondisk is the only possiblelocation
for a field generation.The magneticfield is believed to be generatedandenhanced
by dynamoaction within the accretiondisk (Camenzind1990; Rüdiger, Elstner&
Stepinski1995).A stellarcentralobject(protostar, whitedwarf, neutronstar)probably
carriesa magnetospherebuilt up by a strongstellardynamoandis surroundedby an
accretiondisk, thereforeit is not yet clearwhetherthejet magnetosphereoriginatesin
thediskor in thestar.

A completetheoreticaldescriptionof the jet formationprocessrequiresa solutionof
the time-dependentMHD equationsin threedimensions.Thegeneralsolutionof the
problemis notyetpossibleeitheranalyticallyandnumerically, therefore,theonly way
to approachtheproblemis theuseof simplifying assumptions.

The structureanddynamicsof the collimation region of a magnetizedjet canbe in-
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vestigatedunderthe assumptionsof stationarityandaxisymmetry. In this case,the
problemcanbedecoupled:themagneticfield structurefollowsfrom theforce-balance
perpendicularto themagneticfield, which is describedby theGrad-Shafranov equa-
tion (2.18), the plasmadynamicsalongthe field lines is given by the wind-equation
(4.1). In theverygeneralcase,thesetwo equationsarenot independent,in fact,thedy-
namicalparametersof theplasmaareneededin theGrad-Shafranov equationandthe
magneticstructureis neededin thewind-equation.Anyway, dealingwith bothequa-
tionssimultaneouslyis alwayssocomplicatedthat,so far, no self-consistentsolution
of theproblemhasbeenfound.

The magneticflux distribution is determinedby the solutionof the Grad-Shafranov
equation(2.18)for thecross-fieldforce-balance.Appl & Camenzind(1993a,b)inves-
tigatedtheasymptoticGrad-Shafranov equationin thecaseof constantfield rotation.
For the first time they found a nonlinearanalyticalsolutionfor a cylindrically colli-
matedasymptoticfield distribution andderived relationsbetweenjet radius,current
strength,field andcurrentdistribution. Theseresultswereusedasboundarycondition
for the calculationof global two-dimensionalforce-freejet magnetospheres(Fendt,
Camenzind& Appl 1995;Fendt1997a).However, sincethejet motionis connectedto
anaccretiondisk thatrotatesdifferentially, thejet magnetosphere,if anchoredinto the
disk,essentiallyobeysdifferential rotation, thatshouldthereforebetakeninto account
in thecalculationof thejet magneticstructure.Ferreira(1997)showedthatdifferential
rotationplaysamajorrole in recollimationof jetsandtheirasymptoticbehaviour. The
resultsof Appl & Camenzind(1993a,b)wherefurther generalizedby Fendt(1997b)
for the asymptotictrans-fieldforce-balanceincluding differential rotation. Suchan
asymptoticfield distribution is of particularinterestfor jets emerging from differen-
tially rotatingaccretiondisks.

In thefollowingtwochapterswedescribehow wedeterminetheglobaltwo-dimensional
field structureof stationary, axisymmetric,relativistic, strongly magnetized(force-
free) jets collimating into an asymptoticallycylindrical jet (taken asboundarycon-
dition) anchoredin a differentially rotatingaccretiondisk. This approachallows for a
direct connectionbetweenthe accretiondisk andthe asymptoticcollimatedjet. The
essentialproblemfor differentially rotatingrelativistic jet magnetospheresis thatpo-
sition andshapeof the singularlight surfacearenot known a priori , but have to be
calculatedin aniterativeway togetherwith themagneticflux distribution(seeV 2.4.1).

Thephysicaldimensionsof thecollimationregionwe investigatearetiny. Imaginethe
sizeof thearcminscalein Fig.2.1(Döbereineretal.1996)dividedby afactorof

��� 
in

thecaseof acloseAGNasM87(seealso V 3.7)andbyafactorof
��� 6 in caseof aquasar

like3C273. In thelattercase,aresolutionof about
��� 4  arcsecis necessaryto observe

thecollimationregion, andevenradiotelescopeswould not provide it. Therefore,for
mostof theextragalacticjet sourcestheoreticalmodelsaretheonly possibility to get
informationaboutthephysicalprocessesin theinnermostjet region.
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2.2 Assumptions

Herewe discussthemodelassumptionsbehindournumericalcalculation:� Ideal MHD

Ideal MHD is characterizedby an infinite electricalconductivity ( y{z | ),
which impliesthatthemagneticfield linesarefrozeninto theplasma(seeV 2.3).
As a consequenceof idealMHD, Ferraro’s law of iso-rotationis satisfied(Fer-
raro1937).Theuseof idealMHD is justifiedby jetsbeingfully ionizedplasma
objects.� Stationarity

For thequestionof jet collimation,wecanassumethatthecollimationtimescale
is muchshorterthanthekinetic life timeof thejet itself. Thismeanswecanas-
sumestationarityin thevery innermostjet region, that implies } Y }p? <{�

. Both
assumptionsof stationarityandaxisymmetryarelimited by theobservationsof
jet-knotsshowing asymmetriesandtime-variability, but, concerningthedescrip-
tion of jetsgeneration,stationarityandaxisymmetryarefor sureno limitation.� Axisymmetry

Observationsshow that extragalacticjets (seeFig. 2.1) aswell asGalacticsu-
perluminaljetsandprotostellarjetsarecollimatedalmostto a cylindrical shape
(Zensus,Cohen& Unwin 1995;Rayet al. 1996;Mirabel & Rodr�	 guez1995).
Theoretically, it hasbeenshown thatcurrentcarryingrelativistic jetsmustcolli-
mateto acylinder (Chiueh,Li & Begelman1991).

In our theoreticalmodelwe assumethat jets areaxisymmetricobjectsandwe
usecylindrical coordinates(R, ~ , Z), which properlydescribetheobservedge-
ometry. Axisymmetrymeans} Y }�~ <�� .� Force-freeness

We assumethat the inertial and gravitational forcesacting on the plasmaare
small comparedto the electromagneticforces(see V 2.4.2). It is reasonablefor
relativistic jets, that reveal the presenceof strongmagneticfields. This is the
force-free limit andtheequationof motion,consideringtherelativistic Lorentz
force,reducesto: ��< �D�n�r� ��� ��� _ (2.1)

where � is theelectricfield, � themagneticfield, � thecurrentdensityand �n�
thechargedensity.

Startingpointsfor our calculationsarethe basicassumptionsof idealMHD, station-
arity andaxisymmetry. As known, in physicalcontexts, every symmetryleadsto a
conservedquantity. Outof stationarityfollowstheconservationof energy, theaxisym-
metry leadsto theconservationof angularmomentum.A non-axisymmetricproblem
would imply thattime-dependency hasto betakeninto account.
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Figure2.1: ROSAT HRI imageof CentaurusA (sumof HRI observationsin 1990and
1994).Thefield sizeis 12.8 � 12.8;northis up,andeastis to theleft. Thenucleusis
markedwith anarrow (Döbereineretal. 1996).

2.3 Basicsof MHD

The theory of magnetohydrodynamicsdescribesthe subjectmain concern: the dy-
namicsof electricallyconductingfluids in thepresenceof magneticfields. Underthe
assumptionof stationaritymentionedabove(seeV 2.2),Maxwell’sequations,in thecgs
unitssystem,have thefollowing form:� ��� < �

(2.2)� ��� < ���� � (2.3)��� � < ��� �n� (2.4)
�{� � < � � (2.5)

Ohm’s law is � < y#� � ���� � ����� , where y is the electric conductivity and �� the

Newtonianvelocityof theplasma.In idealMHD Ohm’s law transformsinto:� < � �� � ���N� (2.6)
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From the stationaryFaraday’s law (2.2) it follows that the electric field must be a
gradientof a potential � < ���

. As a consequenceof axisymmetry( } Y }�~ <{�
) it is��� <��

, therefore��� < � �� � ��� (notethattheindex � marksthepoloidalcomponent

andtheindex
�

thetoroidalone).This bringsto:

�� �=����� <L� <�� �� ������� _ (2.7)

thatmeanstheplasmamovesalongthefield line, but notparallelto thefield line.

2.4 The Grad-Shafranov equation

Under the assumptionsdiscussedabove ( V 2.2), a magneticflux function � can be
defined, � W0  _¢¡ [ < �K ��£ ��� �¥¤§¦ _   ��� < � � ��¨ � � (2.8)

Therefore,©�ª < .« }§¬�� and ©¬ < � .« }%ª®� . The � functionmeasuresthemagnetic
flux througha circular areaaroundthe symmetryaxis with radius

 
. The condition��� �g� � <��

is fulfilled, thereforethe � functiondefinesthepoloidalfield lines.Each
field line will connectpointswith thesame� value. Similarly to Eq. (2.8), the total
poloidalelectriccurrent̄ throughthesameareais defined:¯ WH  _Q¡ [ < £ � � �¥¤§¦ < � �K   © � W0  _¢¡ [ _ (2.9)

where� � < °�F± « � WH  © � [ �²¨ � is thepoloidalelectriccurrentdensity, derivedfrom the
poloidalcomponentof Ampère’s law (2.3),and © � is thetoroidalmagneticfield.

FromEqs.(2.7)and(2.8) it follows that:

�� ��� < �� � ����� � �� �=��� �< W �� � �`� ~ [ � �³�-´µ W �·¶ �`� ~ [ � �< �  Wl¸
 � � ´µ © � [ � �¹_ (2.10)

where ´ < ´ W � [ is theparticleflow rateperfield line and µ is theparticledensityin
thelab frame.

FromEq. (2.10)we learnthat theexpressionbeforethe

� � is a conservedquantity.
We definethis as º�» W � [ (Eq.2.11). We call º�» < º�» W � [ the iso-rotationparameter,
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which is a conservedquantityalongeachfield line andthecorrespondingflux surface
(Ferraro’s law of iso-rotation,Ferraro1937) and can be understoodas the angular
velocityof thefoot pointsof thefield linesanchoredinto thedisk:º�» W � [ < �  d ¸
 � � ´µ © � f � (2.11)

In particular, theNewtonianvelocity is:

�� < ´µ � �hº�»   ¨ � _ (2.12)

where µ < � µ�¼ and 
 < � ¸
 Y �µ ¼ is theproperparticledensity(in therestframeof theplasma).Therefore,Eq.2.12
canbeimmediatelyextendedto thespacecomponentsof therelativistic 4-velocity as
follows:

� � < ´� µ ¼ ��� (2.13)� � < ´� µ ¼ � � � � � º�»   ¨ � � (2.14)

Equations(2.13) and (2.14) show that the plasmais always moving along the field
lines,asalreadyfoundin theidealMHD section(seeV 2.3,Eq. (2.7)).

Relativistic magnetohydrodynamicsimpliesthatelectricfields,whicharenegligible in
NewtonianMHD, cannotbeneglectedanymore.FromEqs.(2.6), (2.10)and(2.11)it
follows that: � < � �� º�» � � � (2.15)

In the high conductivity limit, plasmais forcedto flow alongthe magneticflux sur-
facesandthesesurfacesarealsoelectricpotentialsurfaces,i.e. theelectricfield E is
orthogonalto themagneticsurface(Camenzind1990).

FromEqs.(2.4),(2.8),(2.11),thechargedensity �n� is:

�n� < ���� �½� �< � ���� � ��� W º�» � � [



The two-dimensionalfield structure 23< � ���� � W º�» ��� W0  ¨ � ����� [ � � � �`� º�» [< �   º�»� 1�¾ � � ���� � º�»  1 W � � �   ¨ � [ � W � �   ¨ � [ � ���� � � � ��� º�»< �   º�»� 1�¾ � � ���� �   1 W � � �`� [ W0  1 º�» [ _ (2.16)

¾ � is thetoroidalelectriccurrentdensity.

Thestructureof themagneticfieldcanbederivedby thetoroidalcomponentof Ampère’s
law,

� ����� < ���� � � � (2.17)

From Eq. (2.8) we express��� in termsof � , then, from Eq. (2.17), we obtain the
Grad-Shafranov equation,thatis Ampère’s law rewritten for the � function:  ����¿ �  1 � ��À < � ���� ¾ � � (2.18)

Thetoroidalelectriccurrentdensity¾ � hasto becalculatedfromtheequationof motion
projectedperpendicularto theflux surfaces(a derivationis givenin Camenzind1987;
Fendt,Camenzind& Appl 1995),notethatit is always º�» < º�» W � [ ,
¾ � < ���� �W � � W0  º�» Y � [ 1 [ d �� 1 �  ¯ W � [ }§Á®¯ W � [ � º�»� 1 �  W � � ��� [ WH  1 º�» [ f � (2.19)

CombiningAmpère’s law, Eq.(2.17),andtheforce-freeequationof motion,Eq.(2.1),
usingalsoEqs.(2.16)and(2.19), the cross-fieldforce-balancecanbe written asthe
modifiedrelativistic Grad-Shafranov (hereafterGS) equation. Here, the term (

� �WH  º�» W � [ Y � [ 1 ) hasbeenabsorbedin thedivergencetermon the left handsideof the
Grad-Shafranov equation(2.18),

  ��� � � � W0  º�» W � [ Y � [ 1  1 � � � < � �� 1 �  �K�Â ¯ 1 W � [rÃ ¼ �  ÅÄ � � Ä 1 �K�Â º 1» W � [9Ã ¼ _ (2.20)

wheretheprimesdenotethederivative ÆÆ Á (seeCamenzind1987;Okamoto1992;Fendt
& Memola 2001a). In the force-freeMHD case,the poloidal current ¯ WH  _Q¡ [ (see
Eq.(2.9))is aconservedquantityalongthefield line, thatmeans̄

< ¯ W � WH  _Q¡ [5[ . The
light cylinder of a flux surface � is definedasa cylinder with radius

  <  �Ç�W � [ <� Y º�» W � [ (seealso V 2.4.1). At a certainradius
 �ÇxW � [ , for eachflux surfaceit is

� �WH  º�» W � [ Y � [ 1 <��
, thatmeanseveryflux surface(magneticfield line) hasits own light

cylinder, whoseradiuswe denoteas
 ÈÇ

. Projectingtheflux surfaceson a meridional
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plane,the light points,wherethe field lines intersecttheir light cylinder, definethe
light cylinder radii. The light pointshave coordinates(

 �Ç�W � [ , ¡ ÇxW � [ ) andlay on a
surfacecalledlight surface,which shows therelativistic characterof theGSequation
(2.20). In particular,

  T is the radiusof the asymptoticbranchof the light surface,
theasymptoticlight cylinder radius,thereforeit is also

  TQº�» W � [ Y � <É�
(see V 2.4.1).

The term asymptoticdenotesthe limit of ¡ &�&  
. We considerjets with a finite

radius,
 -Ê | for ¡Lz | . Beyondthelight surface,thatis theAlfv énsurfacein the

force-freelimit, theAlfv énvelocity is notdefined,thatmeansAlfv én’s wavescannot
propagate.

Both, the currentdistribution ¯ W � [ andthe rotationlaw º�» W � [ determinethesource
term (right handside)of the GS equationandgovern the structureof the magneto-
sphere.Weapplythefollowing normalizations,  _¢¡ Ë Ì   T�_aU   T�_º�» Ë º�» W � Y   T [ _� Ë �!�ÎÍÐÏÒÑÓ_¯ Ë ¯�¯DÍÐÏÒÑ �
As thelengthscalefor theGSequation,Eq. (2.20),theasymptoticradiusof thelight
surface,

  T , is selected.In orderto allow for a direct comparisonto rigidly rotating
magnetospheres,thenormalizationwaschosensuchthat º�» <��

at Ì <Ô�
. With the

chosennormalization,Eq.(2.20)canbewrittendimensionless,

Ì �½� � � �ÕÌx1¢ºÖ1» W � [Ì 1 � � � < � �ÌØ× K²Â ¯ 1 W � [rÃ ¼ �ÕÌ Ä � � Ä 1 �K�Â º 1» W � [rÃ ¼ � (2.21)

Thecouplingconstant× describesthestrengthof thecurrenttermin theGSequation,

× < � ¯§1ÍÐÏÒÑ   1T� 1 � 1ÍÐÏÒÑ <�� d ¯lÍÐÏÒÑ��� . 8aÙ f 1 d   T��� .  jlÚ f 1 d �ÎÍÐÏÒÑ��� :F:�Û jlÚ 1 f 471 _
whereheretheparametersarechosenfor extragalacticjets(Camenzind1987;Bland-
ford, Netzer& Woltjer 1990). We obtainthe numericalsolutionof the GS equation
usingtheFiniteElementCode(seealsoAppendixandChapter3), asdevelopedby Ca-
menzind(1987);Fendt,Camenzind& Appl (1995);Fendt& Memola(2001a);Mem-
ola & Fendt(2001).

2.4.1 Regularity condition along the light surface

Thelight cylinderandmoregenerallythelight surfaceappearasacharacteristicquan-
tity of therelativistic MHD comparedto theNewtoniandescription.For constantº�»
thelight surfaceis of cylindrical shape.

If the light cylinder radius is smaller than the jet radius,a relativistic treatmentis
required(Camenzind1987).
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Along thelight surfacetheterm
� �ÜÌx1QºÖ1» W � [ vanishes( +�Ý � �ÜÌx1QºÖ1» W � [ <(�

). As
aconsequence,theGSequationreducesto theregularity condition:� � �¥� + < � × �K�Â ¯ W � [ 1 Ã ¼ � �K Ä � � Ä 1 ÂrÞ m Â º�» W � [ 1 Ã%Ã ¼ _ (2.22)

thatis equivalentto a Neumannboundaryconditionalongthelight surface.However,
for differentiallyrotatingmagnetosphereswith º�» < º�» W � [ theshapeof this surface
is not known a priori andhasto be calculatedin an iterative way togetherwith the
two-dimensionalsolutionof theGSequation.

Thesearchfor the exactpositionof the light surfaceandfor regular solutionsacross
that light surfacewas one of the main goalsof the thesis. At the light surfacethe
Grad-Shafranov equation(2.18)becomessingular(notethatwe solve thedimension-
lessforce-freemodifiedGSequation(2.21)with theFinite ElementCode,wherethat
singularityhasbeenremoved).

We alreadydefinedthe light cylinder of a flux surface � as a cylinder with radius  <  �ÇßW � [ Ý � Y º�» W � [ . Thelight cylinder is importantfor a projectedpoloidalfield
line only if thefield line actuallyintersectsit asfor �àFá5â in Fig. 2.2. Then,relativistic
effectsbecomedominant.For example,thepoloidalelectricfield scaleswith theradius
in unitsof thelight cylinderradius,

�Èã < W0  Y  �Ç [ © � . Ontheotherhand,in thecaseof�Îäæå in Fig.2.2,theasymptoticradiusof theflux surfaceis smallerthanits light cylinder
radius

 ÈÇ�W �Îäæå [ (locatedbetween�Îäæå and �T ). For jet solutionswith rigid rotation º�»
all flux surfaceshavethesamelight cylinder radius.Thus,thesingularlight surfaceof
themagnetosphereis acylinder. For jet solutionswith differential rotation º�» theflux
surfaceshavedifferentlight cylinder radii. Thesingularsurfaceof themagnetosphere
is not acylinderanymore.

A relativistic descriptionfor thejet magnetosphereis alwaysrequiredif thejet contains
aflux surfacefor which thelight radiusis smallerthantheasymptoticradius.

Thenumericaldeterminationof thetruelight surfacewasaquitedifficult task(seealsoV 3.2).

2.4.2 Discussionof the force-freeassumption

Theforce-freeassumptionsimplifyesconsiderablytheproblemof solvingthemodified
GSequation(2.21).

It is clearthat relativistic jets mustbe highly magnetized.Only a high plasmamag-
netization(a large magneticflux comparedto the massflow rate)givesjet velocities
closeto thespeedof light (Michel 1969;Begelman& Li 1994;Fendt& Camenzind
1996). Conversely, if particlesarebeingacceleratedto relativistic energies,pressure
andgravitational effectsshouldbe small. Therefore,for the calculationof the field
structuretheforce-freelimit seemsto bereasonable.
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In general,the non force-freerelativistic GS equationshows threeinertial contribu-
tions: thegaspressure,thecentrifugalforceandthepoloidalfield curvature(seeChi-
ueh,Li & Begelman1991). It canbeshown that in theasymptotic,cylindrical jet the
contribution of inertial termsin theforce-balanceacrossthefield is weak.Thecontri-
bution of gaspressureis usuallynegligible in astrophysicaljets. Also, thecentrifugal
forcedoesnot play a majorrole outsidetheAlfv énsurface(which is thelight surface
for low plasmadensity)sincetheplasmamoveswith constantangularmomentum.The
curvaturetermvanishesin cylindrical geometry. Therefore,sincefor cylindrical jets
andhigh magnetizationthecontribution from inertial termsis weak,theconfiguration
is comparableto theforce-freecase.

The main motivation of the force-freeassumptionis clearly the reasonof simplifi-
cation,however, thereis yet no otherway to calculatea truly two-dimensionalfield
distribution for relativistic jets. With a force-freesolutionnothingcanbe saidabout
theflow accelerationitself, no matter/particledynamicsis involved!

2.5 Boundary conditions

TheGSequationis a non linear, elliptic, partialdifferentialequationof secondorder
andit is numericallysolved asboundaryvalueproblemapplyingthe Finite Element
Code.

Thechoiceof astrophysicalboundaryconditions,thatwill bediscussedin thefollow-
ing paragraphs,determinethetwo-dimensionalflux distribution(Fig. 2.2).

2.5.1 The asymptotic jet

A first boundarycondition is in the asymptoticregion. Herewe assumea cylindri-
cally collimatedjet. Weapplythemagneticflux distributionderivedby Fendt(1997b),
wheretherigidly rotatingjet modelof Appl & Camenzind(1993b)hasbeenextended
for differential rotation º�» W � [ . In particular, theasymptoticjet shows the typical jet
core-envelopestructureof magneticflux andelectriccurrent,a configurationwhere
mostof the magneticflux andpoloidal electriccurrentis concentratedwithin a core
radius, ç . The asymptoticsolutionof the GS equationprovidesnot only the asymp-
totic magneticflux boundaryconditionbut alsothe º�» W � [ and ¯ W � [ distribution for
thewholetwo-dimensionaljet magnetosphere,for thereasonthattheseareconserved
quantitiesalong the field lines. Thesefunctionsfollow from the numericalsolution� W Ì [ of theone-dimensional(asymptotic)GSequationacrossthecylindrical jet. This
solutioncorrespondsto acoreradiusof theelectriccurrentdistributionof unity.èéééê éééë ¯§1 W � [ < � Ìx1W � �ìÌ 1 [ � 1º 1» W � [ < u¥í � í Ì ,
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note that ¯ W Ì [ < � Ì 1W � �ÜÌ 1 [ � < ¯ W Ì W � [5[ < ¯ W � [ .1 The parameterí governsthe

steepnessof the º�» -profile.

2.5.2 The disk

A secondboundarycondition is the magneticflux distribution along the disk. This
distribution is in generalnot known as a solution of the full MHD disk equations.
Typical modelsrely on varioussimplifying assumptions,asstationarity, distribution
of magneticresistivity or disk turbulencegoverninga dynamoprocess.We applyan
analyticalmagneticflux distributionwhosetypicalbehaviour is: 1) aslight increaseof
magneticflux alongthe innermostdisk, 2) a smallor vanishingflux at the innerdisk
radius,3) a strongincreaseof magneticflux at intermediateradius(the coreradius)
and4) a saturatingbehavior for large radii. A similar flux distribution wasusedby
Khanna& Camenzind(1992),who calculatedthestationaryaccretiondisk magnetic
field structurearoundasupermassiveblackhole.

Using the normalizationintroducedabove, we choosethe following disk boundary
magneticflux distribution,

�Îîaäæïñð W Ì [ < �ò Þ m � � � d Ì ç f 1 � (2.23)

with

ò < Þ m W � � W Ìßîgäæïóð Y ç [ 1 [ (seeFig. 2.3), where Ìßîaäæïñð is the disk outer radiusandç <ÉôQõÒö ÷ùø1 thecoreradiusof the � distribution, thatmeansmostof themagneticflux is
concentratedwithin ç .
2.5.3 The collimating jet boundary

A third boundaryconditionis thecollimatingjet boundaryÌ%úüûýâ W U [ . Along this bound-
ary theflux distribution is � <þ�

by definition. However, theshapeof this boundary
is not known a priori . It mustbe determinedby the regularity of the solutionacross
thelight surface(seealsoFendt,Camenzind& Appl 1995).A regularglobalsolution
canbeobtainedonly for acertainchoiceof U W Ì [ , ¯ W � [ and º�» W � [ . Themainfeatures
of thesolutionasopeningangleor locationof thecollimationarefixedby theinternal
equilibrium.Therefore,theregularityconditiongovernstheshapeof thejet boundary.
For a given ¯ W � [ , º�» W � [ , disk and jet boundarycondition, the jet radius Ì%úñûýâ W U [ is
uniquelydetermined.

1For figuresof thesefunctionsandtherelated ÿ������ , ���	�óÿ
� and ���Bÿ
� distribution, pleaserefer to
Fendt(1997b).
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2.5.4 Inner boundary conditions

Along the jet-axis the magneticflux is zero by definition ( � W ÌÐ_aU [ <O�
). Including

the jet-axisin our calculationsis an importantdifferencerespectto a self-similarap-
proach.Self-similarityassumesa setof one-dimensionalfunctionsfollowing a power
or exponentiallaw andimpliesa singularityalongthe jet-axis. Our truly 2D solution
is not self-similar.

The inner sphericalgrid boundarywith radius Ì	 close to the origin indicatesthe
regime of the centralsource.The boundaryconditionis an homogeneousNeumann
condition,thatmeansthefield linescrosstheboundaryperpendicular. For simplicity
we assumethat the magneticflux increasesmonotonouslyfrom the axis to the disk
edge.

2.6 The jet-disk connection

An importantpoint wasto relatethe jet parametersto thedisk properties.Sofar (see
below), no connectionhasbeenmadeto thetypeof centralobject. In this sectionwe
askwheretheasymptoticlight cylinder is locatedin physicalunits.

For relativistic jets the centralsourceis a black hole. The Schwarzschildradiusis
definedas

 �� < K X �;"%$�Y � 1 . In caseof rigid rotation,that implies the light surface
beingacylinder (

  T <  �Ç
), thelight cylinder radiusis usuallyestimatedby choosing

adistinctradialdistancefrom thecentralobjectanddefining º�» undertheassumption
that the jet magnetosphereis anchoredin that point. For a black hole centralobject,
themarginally stableorbit impliesanupperlimit for º�» . For AGN jets this estimate
leadsto the commonconclusionthat the light cylinder radius is at about I ���  ��
andthe typical jet radiusat about

���n�  �Ç
. Clearly, suchan argumentationrelieson

the assumptionthat the field line emerging at this very specialradius,which, at the
sametime,alsodefinestheiso-rotationparameterº�» , doesactuallyextendto thelight
cylinder radius

 �Ç
.

If differentialrotation º�» W � [ is considered,theasymptoticlight cylinderradius,
  T , is

relatedto theiso-rotationparameterº�» W � [ , whichitself is connectedto theangularro-
tationof thefoot pointsof thefield lines(seealso V 2.4).ConcerningtheGSequation,
thesizeof

  T followspurelyfrom electro-magneticquantities,if thecouplingconstant× is chosen.TheGSsolutioncanbescaledto any centralobjectfrom starsto galactic
nuclei aslong asthe interrelationof the parameters�ÎÍÐÏÒÑ , ¯lÍÐÏÒÑ and

  T providesthe
same× . Dif ferentflux surfacesanchorat differentfoot point radii and,thus,have dif-
ferentlight radii (seeFig. 2.2).AssumingaKeplerianrotation,thelight surfaceradius �ÇßW � [ , for eachsingleflux surface,is locatedat: �Ç�W � [ <�� � ��� . � jbÚ �  �� W � [ �� � : \]1 � ���� . T �! � _ (2.24)
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where
 ��

is theSchwarzschildradiusof a point massand
 �� W � [ thefoot point of the

flux surface � on aKepleriandisk. A moregeneralequationis �Ç�W � [ �� < S K �  ��JW � [ �� � : \]1 � (2.25) ��JW � [ is determinedfrom themagneticflux distributionalongthediskandis defined
by a certaindisk model. Fig. 2.4 shows the locationof the light radius

 �Ç
for a field

line anchoredat a foot point radius
 ��

in a Kepleriandisk arounda centralobjectof
mass

�
(seeEq. (2.24)). Note that the field line footpoint radiusin Eq. (2.25)and

Fig. 2.4 is normalizedto theSchwarzschildradius.Therefore,Fig. 2.4 is appropriate
only for relativistic jets.Thefootpointradii for protostellarjetsareseveralstellar radii,
correspondingto about

��� 
Schwarzschildradii (whichwouldbelocatedfarabovethe

box in Fig. 2.4).
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Figure2.2: Sketchof our jet model. Shown areaxisymmetricjet magneticflux sur-
faces� projectedon themeridionalplane.Thecentralobject,locatedwithin theinner
boundary(solid disk), is surroundedby anaccretiondisk. Helical magneticfield lines
are anchoredin the differentially rotating disk at foot points

 �� W � [ . The disk ra-
dius is a parameter. Theshapeof the jet boundary� < �ÎÍÐÏÒÑ < �

is constrainedby
the regularity condition along the light surface. The upperboundarycondition is a
cylindrically collimatedjet solution(Fendt1997b).Thearrow indicatesthenumerical
deformationof theinitially verticalboundaryof theinnersolution(at Ì <É�

) into the
curved light surface. Theflux surfaces�Îäæå ( �ÎàFágâ ) have an asymptoticradiussmaller
(larger) thanthe asymptoticlight cylinder

  T , which is the asymptoticbranchof the
light surface

 ÈÇxW � [ for large U -values. The flux surface �ØT coincideswith the light
surfaceasymptotically. Theinitial jet half openingangleis � .
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Figure 2.3: Magnetic flux distribution along the disk �Îîaäæïñð W Ì [ as defined in
Eq. (2.23). Parameters(from top to bottom, for different ç values): Ìßîaäæïóð Y ç <����� _ �%� _ � ) _�� _ � _QK _ � _ � � ��� . In ourcalculationÌßîgäæïóð Y ç < K .

Figure2.4: Locationof thelight cylinderradiusof aflux surface,
 �ÇxW � [ , anchoredata

certainfoot point radius
 ��JW � [ in unitsof theSchwarzschildradius

 ��
in aKeplerian

disk arounda point mass
�

(seeV 2.6). Notethatfor noncollapsedstellarobjectsthe
footpointradii of thejet field linesarelocatedat about

����  ��
.
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Chapter 3

Numerical results

3.1 The collimation region

Thenumericalresults,concerningthesolutionof theGSequation(2.21),presentedand
discussedin thefollowing chapter, have beenobtainedby runningtheFinite Element
Codeasdevelopedby Camenzind(1987);Fendt,Camenzind& Appl (1995);Fendt&
Memola(2001a);Memola& Fendt(2001).

In general,for a choiceof the free functions ¯ W � [ and º�» W � [ , heretaken from the
asymptoticcylindrical jet solution,the field structureis determinedby the boundary
conditionsandthe regularity conditionalongthe light surface. It is shown the two-
dimensionalstructureof themagneticflux surfaces� W ÌÐ_aU [ asprojectionof thehelical
field lines into the meridionalplane. We dealwith two computationalregions: the
inner solution is numericallycalculatedfrom the jet-axis till the light surface(outer
boundaryfor theinnersolution);theoutersolutionstartsfrom thelight surface(inner
boundaryfor theoutersolution)andreachesthejet boundary. Innerandoutersolutions
arethenattachedin orderto obtaintheglobal two-dimensionalsolutionfrom the jet-
axis till the jet boundary. The light surfacedecouplesinnerandoutersolutions.This
impliesthatit is notalwayspossibleto fit eachinnersolutionwith anoutersolutionin
orderto provideasmoothtransitionof thefield linesacrossthelight surface.

We hadtwo differentapproachesto the outersolutioncalculation.First we usedthe
regularity conditionfor theinnerboundaryof theoutersolution,but we got theresult
thatinnerandoutersolutiondid not coincidealongthelight surface.Then,we useda
Dirichlet boundaryconditionfor theinnerboundaryof theoutersolution,thisbrought
initially to non-regularglobalsolutions(see V 3.3). Suchsolutionsaremathematically
correctfor theinnerandouterpart,however, they arephysicallynotcorrect,sincethey
do not satisfythe regularity conditionalongthe light surface. We have run different
parametersset,with differentrotationlaws,till wefoundtheproperDirichlet boundary

33
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condition (obviously dependingfrom the inner solution) that provided a consistent
regular global solution(see V 3.4), beingcharacterizedby a smoothtransitionof the
field linesacrossthe light surface.Suchsolutionis uniquefor a certainchoiceof the
rotationlaw º�» W � [ .
Although in our computationsthe jet boundary Ì%úñûýâ W U [ is determinedby the force-
balancewithin thejet, andthereforesubjectto theregularitycondition,with ourresults
we do not prove the magnetohydrodynamicself-collimationprocessof the jet flow.
Thecalculatedjet magnetosphereis self-collimatedin thesensethat its structurehas
beendeterminedonly by theinternalproperties.To our understandingonemayclaim
a self-collimationonly, if the jet flow collimatesindependentlyfrom externalforces.
Wedonot treatinternalforcesthatwouldprovide thedegreeof collimationandin our
force-freetreatmentwe do not considerthe interrelationwith themediumoutsidethe
jet, thereforewe cannotdecidewhetherthe flow is self-collimatedor pressurecolli-
mated.However, theactualcollimationprocessof the jet flow from anuncollimated
conicaloutflow into a cylinder couldonly be investigatedby time-dependentsimula-
tions taking into accountthe interactionwith theambientmedium.Ouyed& Pudritz
(1997)presentedtime-dependentsimulationsof theevolution of non-relativistic out-
flows from Keplerianaccretiondisks. Their resultsindeedprove theself-collimating
propertyof axisymmetricMHD flows. They foundthat thegascollimatesinto cylin-
dersparallelto thedisk axis. Thecollimationof theoutflow is dueto thepinchforce
exertedby the dominanttoroidal magneticfield generatedby the outflow itself. The
accelerationof theflow from thedisk occursby a centrifugaleffect whereby, at some
pointsalongsufficiently inclined field lines, the centrifugalforce dominatesgravity
andgasis flung away like beadson a wire. Therefore,a toroidal field componentis
createdbecausethefield linesfoot pointscorotatewith thedisk. For acertain,already
collimating, initial current-free( � <þ�

) magneticfield distribution, a stationarystate
of the jet flow wasobtainedafterabout400Keplerianperiodsof the innerdisk, with
anincreaseddegreeof collimation.They assumedaxisymmetry, apolytropicequation
of stateandidealMHD.

It is well known thatfield linesmustbeclosed.We like to underlinethatthejet model
presentedhereimplies field lines closing via jet bow-shocks,wherethe jet internal
pressureequalsthe external interstellar/intergalacticmediumpressureoften showing
radio lobes.Thejet magneticstructureitself andtheinterstellar/intergalacticmedium
actaswires,thecentralsource-disksystemlikeabatteryandradiolobes,whichmight
alsopresenthot spots,likea resistance.

3.2 Determination of the light surface

Thenumericaldeterminationof theexactlocationof thelight surfacewastheessential
problem. Several monthsof computationswereneededin orderto solve it. Without
knowing theexact locationof the light surfaceno globalsolutioncanbeobtained.In
the following we discussour approachin orderto find the correctsolutionto sucha



Numerical results 35

problem.

We useaniterationprocedureto determinethelocationof thelight surface.Sincethe
rotation law º�» W � [ is prescribed,the (normalized)radius, Ì Ç (seealso V 2.4 for the
normalizations),wherethelight surface,+ <��

, intersectsthejet boundary, � <��
, is

known, Ì ÇxW � < � [ <(�¥Y º�» W � <-� [ � (3.1)

However, thecorrespondingpositionin U -directionis not known.

The iterationprocedurestartswith thecalculationof the innersolutionwith anouter
grid boundaryat Ì <-�

(for comparison,seeFig. 2.2). Thischoiceis equivalentto the
light cylinder in thecaseof rigid rotation.For differential rotation theradius Ì < �

is
definedasasymptoticlight cylinder(for large U -values).For low U -valuestheboundaryÌ <-�

is locatedinsidethelight surfaceÌ Ç�W � [ <-�¥Y º�» W � [ . Along thisouterboundary
(of theinnersolution),weapplyanhomogeneousNeumannboundarycondition.Usu-
ally, this impliesthat thefield lineswill crossthatboundaryperpendicular. However,
in our case,if theboundarymovescloserto the light surface,thehomogeneousNeu-
mannboundaryconditiontransformsinto the regularity condition(see V 2.4.1). The
codetakesimplicitly into accounttheregularity condition. Therearetwo reasons:1)
theFiniteElementCodesolvesthemodifiedGSequationand2) theboundaryintegral,
which is proportionalto + <É� �ÜÌx1QºÖ1» , vanishesalongthelight surface.As a major
resultof this thesis,we have shown that the procedureof Fendt,Camenzind& Appl
(1995)canbesuccessfullyextendedfor differential rotation º�» W � [ (Fendt& Memola
2001a).

With theGSsolutionof thefirst iterationstepwe estimatethedeviation of thechosen
outerboundaryfrom thetrue light surfaceby calculating+ <É� �ÜÌx1QºÖ1» W � [ . For the
lowest U -valueprescribed,we know that +¹ÍÐÏÒÑ <þ� � Ìx1QºÖ1» W � <þ� [ . Then,theouter
grid boundary

W ÌÐ_¢U [ is slowly moved to a larger radiuswith �¹Ì � + W ÌÐ_¢U [ 1 . The
power of + W ÌÐ_¢U [ is our choice.As a consequenceof thedifferentnumericalgrid, the
field distributionwill change.Thevalueof + will, however, decrease.Thisprocedure
is repeateduntil + is below a certainlimit, e.g. + M ��� 4ß. � . Having obtainedthe
solutioninsidethelight surface,thissurfaceis theouterboundaryfor theinnersolution
andis takenasinnerboundaryfor theoutersolution.

3.3 Examplesof a non-regular magnetic flux distrib u-
tion

In this sectionwe presenttwo examplesof field distributionsthat show kinks across
thelight surface(Figs.3.2and3.3).Thecalculationwasperformedfor two choicesof
thesteepnessparameterí of theiso-rotationº�» andfor × <-�

(strengthof thecurrent
termin theGSequation(2.21)): 1) í <-� � K , × <É�

and2) í < � �*) , × <É�
. Theouter

andinnersolutionillustratedin Fig. 3.1for the í <�� � K case,bothsatisfytheboundary
conditions(the numericalFinite ElementCodeis converging). However, attaching
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themin orderto obtaina global(inner+outer)solution,sucha field distributionshows
kinks acrossthe light surface(Fig. 3.2). In the sameway, for the solutionobtained
with í < � �ù) , asvisible in Fig. 3.3. Therefore,suchinnerandoutersolutionsdo not
satisfytheboundaryconditionsfor theotherpart,thatmeanse.g.theoutersolutionas
obtaineddoesnot satisfythe disk boundaryof the inner solution. No outersolution
wasfoundfor thoseinnersolutionsthatcouldprovide a regular transitionof thefield
linesacrossthe light surface. We learnthat, if thestrengthof thecurrentterm in the
GSequation(2.21)is only unity ( × <-�

), theregularity conditioncannot besatisfied.

Weseethat,for bothsolutions( í <�� � K and í <�� �*) ) theasymptoticregimeof acylin-
drically collimatedjet is not evenreachedfor ¡ Y   T < ) , sincethefield linesdo not
crossthe upperboundaryperpendicular. The parametersinvolved in the calculation
are listed in Table3.1. The outerdisk (normalized)radiusis Ìßîaäæïóð < � � K , the maxi-
mumlight surface(normalized)radiusis ÌßÍÐÏÒÑ andits heightis U W ÌßÍÐÏÒÑ [ <(� ��� in both
cases.In particular, if í <�� � K (solutionNR1), ÌßÍÐÏÒÑ < � � K � andthe asymptoticjet
(normalized)radiusis Ì%úñûýâ < ���*)�� ; if í <�� �ù) (solutionNR2)wecalculateÌßÍÐÏÒÑ <-� � s ,
and Ì%úüûýâ < ��� �n, . In the examplespresentedthe electriccurrentis definitely too low,
thereforethecollimationis too weak.A largervalueof themaximum U might help if
thecodewouldnotbeinfluencedby thatin its delicateconvergency process.

����� �  !#"%$'&)( !	*�+-, .0/1!	*�+-,32 !547698
:�;=< >@?7A <�?B> >@?7A <�?7A�C >@?BC D	?7E�D
:�;�A >@?7E <�?B> >@?7A <�?BFHG >@?BC D	?B>�G

Table 3.1: Parametersusedfor the calculationof the non-regular global solutions
(NRS): NR1 (seeFig. 3.2) andNR2 (seeFig. 3.3). Note that í is the steepnesspa-
rameterof theiso-rotationº�» ; × is thecouplingconstant,thatdescribesthestrengthof
thecurrenttermin theGSequation(2.21); Ìßîaäæïóð is theouterdisk (normalized)radius;ÌßÍÐÏÒÑ is themaximumlight surface(normalized)radius; U W ÌßÍÐÏÒÑ [ is theheightof ÌßÍÐÏÒÑ ;Ì%úüûýâ is theasymptoticjet (normalized)radius.

3.4 Global regular solutionsin two dimensions

Now we presentglobal regular solutions. We performedcalculationsfor different
openingangles,differentstrengthof thepoloidalelectriccurrent× , anddifferentsteep-
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Figure3.1: Two-dimensionalmagneticflux distribution � W ÌÐ_¢U [ : for í <�� � K , × <-� � � .
Left: innersolution. Right: outersolution. Attachingtheseinnerandoutersolutions
alongthe light surfacewe obtainFig. 3.2. The iso-contoursof � W ÌÐ_¢U [ , equivalentto
poloidalfield lines,havecontourlevels ��I < ��� 4#J TLK . INMPO , µ <�� _ �ü� _QK ) . Notethatdueto
thechoiceof contourlevelstheiso-contourdensitydoesnotmirror thefield strength.

nessparametersí , in orderto find theuniquetwo-dimensionalsolutionthat,for acer-
tainrotationlaw, providesasmoothtransitionof thefield linesacrossthelight surface.
We foundglobal regularsolutionsfor two valuesof thesteepnessparameterandcur-
rent strength,í <�� � K , × < K �ù) (seeFig. 3.4 andFig. 3.5), and í < � �*) , × < K � �
(seeFig. 3.7andFig. 3.8). Themaindifferenceto thepreviousnon-regularsolutions
is thatwe increasethestrengthof theelectriccurrent,thatis equivalentto thetoroidal
magneticfield (seeEqs.2.9 and2.21). An increaseof the electriccurrentbasically
increasesthedegreeof collimationof thejet.

The asymptoticregime is reachedalreadyfor ¡ Y   T < � . This is the region where
the field lines are alreadycollimatedto a cylinder. The parametersinvolved in the
calculationarelistedin Table3.2.Theouterdisk (normalized)radiusis Ìßîgäæïóð <�� � K , as
for thenon-regularsolutions(NR1 andNR2). For theR1 solutionwe have í < � � K ,× < K �*) , ÌßÍÐÏÒÑ < � � � K , U W ÌßÍÐÏÒÑ [ < � � � , and Ì%úüûýâ < K � ��� . For the R2 solution the
parametersare í <�� �*) , × < K � � , ÌßÍÐÏÒÑ <(� �*� s , U W ÌßÍÐÏÒÑ [ <�� �ù)n) , and Ì%úüû â < K � K � .
Againwe remarkthatthekey parameterfor theregularsolutionsis thestrengthof the
currentterm, × . Thesteeperprofilefor therotationlaw impliesasmallerasymptoticjet
radius(Fendt1997b),howevera largerpoloidalelectriccurrentcanbalancetheeffect
of differential rotation. Therefore,the í < � � K solution(with × < K �*) ) collimatesto
a smallerasymptoticjet radiusthanthe í < � �*) solution(with × < K � � ), ascanbe
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Figure3.2: Two-dimensionalmagneticflux distribution � W ÌÐ_¢U [ : non-regular global
jet solution for í < � � K , × < � � � (seeTable3.1, solutionNR1). The iso-contours
of � W ÌÐ_aU [ , equivalent to poloidal field lines, have contour levels ��I < ��� 4#J TLK . IQM O ,µ <�� _ �ñ� _QK ) . Notethatdueto thechoiceof contourlevelstheiso-contourdensitydoes
notmirror thefield strength.

seenin Fig. 3.5andFig. 3.8. A í < � � K solutionwith × < K � � would havea jet radius
of K � � . Thesecondsolutionwith thesteeperprofile of the rotationlaw º�» W � [ would
betterfit to a Kepleriandisk rotation. A perfectmatchwould requireanevensteeperº�» W � [ -profile,unfortunatelyit wasnot possibleto reachconvergency for í <�� ��� .
Note that themeanhalf openingangleof the jet magnetospheresis about s �nt , which
satisfiestheBlandford& Payne(1982)conditionto obtaina centrifugallydrivenout-
flow from thedisk (seeV 1.2).

As alreadydiscussed,theshapeof theoutermostflux surface( � < �
) is notprescribed
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Figure3.3: Two-dimensionalmagneticflux distribution � W ÌÐ_¢U [ : non-regular global
jet solution for í < � �*) , × < � � � (seeTable3.1, solutionNR2). The iso-contours
of � W ÌÐ_aU [ , equivalent to poloidal field lines, have contour levels ��I < ��� 4#J TLK . IQM O ,µ <�� _ �ñ� _QK ) . Notethatdueto thechoiceof contourlevelstheiso-contourdensitydoes
notmirror thefield strength.

but is a result of our calculationeventuallydeterminedby the regularity condition.
After crossingthe light surfacethe jets collimateto their asymptoticradiuswithin a
distancefrom thesourceof about

� �ÅK   T alongthe jet-axis. The openingangleof
thesecondsolutionis smaller, however, thejet collimationis achievedonly at a larger
distancefrom the centralsource. In our examples,the jet expansionrate, which we
defineas the ratio of the asymptoticjet radiusto the foot point jet radius(the disk
radius), is about10. The true scalingof the jet magnetospherein termsof the size
of the centralobjectcanbe determinedby connectingthe jet iso-rotationparameterº�» W � [ to thedisk rotation(seeV 3.5).
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Table3.2: Parametersusedfor thecalculationof theregularglobalsolutions(RS):R1
(seeFig.3.5)andNR2(seeFigs.3.8and3.9).Notethat í is thesteepnessparameterof
theiso-rotationº�» ; × is thecouplingconstant,thatdescribesthestrengthof thecurrent
termin theGSequation(2.21); Ìßîaäæïñð is theouterdisk (normalized)radius; ÌßÍÐÏÒÑ is the
maximumlight surface(normalized)radius; U W ÌßÍÐÏÒÑ [ is theheightof ÌßÍÐÏÒÑ ; Ì%úüûýâ is the
asymptoticjet (normalized)radius.

Thecalculatedjet magnetosphereis self-collimatedin thesensethat its structurehas
beendeterminedonly by the internalproperties.We do not prove themagnetohydro-
dynamicself-collimationprocessof thejet flow (seeV 3.1).

In all calculationsthe regime of the centralsourceis more or lesscircular and its
(normalized)radius is Ì	 < � � � ) , that means5% of the asymptoticlight cylinder
radiusvalue. In Fig. 3.6 we presentan enlargementof the inner region for the caseí <O� � K . We assumethat the centralblack hole is somewhereinside the region of
radius0.05.

Finally weshow thewholebipolaroutflow two-dimensionalmagneticstructure,origi-
natingfrom theaccretiondisksurroundingthecentralobject,by mirroringtheaxisym-
metric, two-dimensional,regular, global solutionobtainedfor í <þ� �*) (seeFig. 3.8)
respectto thejet-axisandto theequatorialplaneandrotatingit by � � t (seeFig. 3.9).

3.5 Scalingof the jet-disk system

Having obtaineda global two-dimensionalmagneticfield structureof thecollimating
region of thejet from thedisk to theasymptoticregime,we arenow ableto achieve a
directscalingof the jet magnetospherein termsof thesizeof thecentralobject. This
ideais simplybasedontheassumptionthatthefoot pointsof thefield linesarerotating
with Keplerianspeed,º�» W Ì W � [5[ < ºxw W Ì [ andto the fact that in idealMHD the iso-
rotationparameterº�» W � [ is conservedalongthefield lines. It is thereforepossibleto
constructa self-consistentmodelof thewholestar-disk-jetsystemwith only a small
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Figure3.4: Two-dimensionalmagneticflux distribution � W ÌÐ_aU [ for í < � � K , × < K �*) .
Left: Innersolution. Right: Outersolution. Attachingtheseinnerandoutersolutions
alongthe light surfacewe obtainFig. 3.5. The iso-contoursof � W ÌÐ_¢U [ , equivalentto
poloidalfield lines,havecontourlevels ��I < ��� 4#J TLK . INM O , µ <�� _ �ü� _QK ) . Notethatdueto
thechoiceof contourlevelstheiso-contourdensitydoesnotmirror thefield strength.

setof freeparameters.In thefollowing we will motivatesuchamodel.

First, we demonstratehow the connectionbetweenthe asymptoticjet and the disk,
appliedfor our very specialmodelassumption,providesa specificestimatefor the
asymptoticlight cylinder radius

  T . Normalizing the Keplerianvelocity ºxw in the
samewayas º�» (seeV 2.4),weobtaintheexpression:  T < X �� 1 º 1w �Ì : < X �ZY � 1º 1» W � < � [ Ì :îaäæïñð < � �*)  ��º 1» W � < � [ Ì :îaäæïóð � (3.2)

If wethenfix theiso-rotationparameterº�» W � [ andthedisk radiusÌßîaäæïñð by ourmodel,
we seethat the asymptoticlight cylinder is proportionalto the massof the central
object! For ºÖ1» W � [ <�� �ù) � (which refersto the í <�� �*) model)and Ìßîgäæïóð <�� � K the
asymptoticlight cylinder is

  T < �n� s  �� , which is about2 timeslarger comparedto
the jet solutionwith a rigid rotation º�»;Ý �

andwill increasefor larger valuesof í .
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Figure 3.5: Two-dimensionalmagneticflux distribution � W ÌÐ_¢U [ : regular global jet
solutionfor í <3� � K , × < K �ù) (seeTable3.2, solutionR1; Fendt& Memola2001a).
Green: innersolution.Blue: outersolution.Theiso-contoursof � W ÌÐ_¢U [ , equivalentto
poloidalfield lines,havecontourlevels ��I < ��� 4#J TLK . INM O , µ <�� _ �ü� _QK ) . Notethatdueto
thechoiceof contourlevelstheiso-contourdensitydoesnotmirror thefield strength.

With thechoiceof × , thevalueof
  T constraintsthemaximumpoloidalmagneticflux

andelectriccurrent.Here,noassumptionis madeabouttheflux distributionalongthe
disk.

At this point, we areableto determinethedisk magneticflux distribution � W Ì [ com-
bining the asymptoticjet rotation law º�» W � [ with a Kepleriandisk rotation ºxw W Ì [ .
FromEq. (3.2) it follows that º�» W � [ Y º�» W � [ < ºxw W Ì [ Y º�» W � < � [ < W Ì Y Ìßîgäæïóð [ 4 : \]1 .
In combinationwith thenumericallyderived º�» W � [ thisgivesthemagneticflux distri-
bution � W Ì [ alongthedisk (Fig. 3.10).Thefigureshowsthatthediskflux distribution
derivedfrom theasymptoticjet is distributedonly over theouterpartof thedisk. This
canbeinterpretedin two ways.First, it mayimply a relatively largeinnerdisk radius
and,thus,an asymptoticjet radiussmall in termsof radii of the centralobject. Sec-
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Figure3.6: Two-dimensionalmagneticflux distribution � W ÌÐ_¢U [ : enlargementof the
innerregion for thecaseí <(� � K , × < K �*) . Theiso-contoursof � W ÌÐ_¢U [ , equivalentto
poloidalfield lines,havecontourlevels ��I < ��� 4#J TLK . INMPO , µ <�� _ �ü� _QK ) . Notethatdueto
thechoiceof contourlevelstheiso-contourdensitydoesnotmirror thefield strength.

ondly, it justunderlinesthefactthatin ourmodelthedistributionof theasymptoticjet
iso-rotationparameteris too flat in orderto betruly connectedto a disk magneticflux
with anextendedradialdistribution. For a modeltaking into accountthedisk Keple-
rian rotationin a fully self-consistentway, themagneticflux distributionwhich hasto
beusedasdiskboundaryconditionfor theGSsolutionis theoneshown in Fig. 3.10.

On theotherhand,theassumptionof a Kepleriandisk rotationtogetherwith a certain
disk magneticflux distribution providesan expressionfor the iso-rotationparameterº�» W � [ < ºxw W Ì W � [5[ < ºxw W � [ . In fact,from thediskmagneticflux distribution(2.23)
wederive Ì W � [ < ç W u @ Á � � [ .0\]1 , then,from Eq.(3.2) it follows:

º 1w W � [ < X �  T � 1 �ç : W u @ Á � � [ : \]1 < Ì :îaäæïóð ºÖ1» W � <-� [ç : W u @ Á � � [ : \]1 � (3.3)

FromEq.(3.3)and

ò < Þ m W � � W Ìßîaäæïñð Y ç [ 1 [ (seeV 2.5.2)onefinds:

ºxw W � [º�» W � [ < d Ìßîgäæïóðç f : \]1=yz � � � d Ìßîgäæïóðç f 1 � Á � �3{| 4 : \ � � (3.4)
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Figure3.7: Two-dimensionalmagneticflux distribution � W ÌÐ_aU [ for í <�� �*) , × < K � �
(Memola& Fendt2001).Left: Innersolution.Right: Outersolution.Attachingthese
innerandoutersolutionsalongthe light surfacewe obtainFig. 3.8. The iso-contours
of � W ÌÐ_aU [ , equivalent to poloidal field lines, have contour levels ��I < ��� 4#J TLK . IQM O ,µ <�� _ �ñ� _QK ) . Notethatdueto thechoiceof contourlevelstheiso-contourdensitydoes
notmirror thefield strength.

This functionis definitelysteepercomparedto the º�» W � [ -distributionsthathavebeen
derivedin Fendt(1997b)andareusedhere.Thisis alimitation of ouransatz.A steeper
profile for therotationlaw is not yet possibleto treatwith our codedueto thelack of
numericalresolution.The non-linearcharacterof the GS equationbecomesstronger
dueto thegradientsin the º�» -sourceterm.

In summary, only a model including differential rotation º�» W � [ may provide a con-
nectionbetweenthe asymptoticjet, the disk magneticflux distribution andalso the
sizeof thecentralobject.With ourmodelwehavepresentedareasonablefirst solution
for aself-consistenttreatment.
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Figure 3.8: Two-dimensionalmagneticflux distribution � W ÌÐ_¢U [ : regular global jet
solutionfor í <�� �ù) (seeTable3.2,solutionR2;Fendt& Memola2001a).Green: inner
solution.Blue: outersolution.Theiso-contoursof � W ÌÐ_¢U [ , equivalentto poloidalfield
lines,havecontourlevels ��I < ��� 4#J TLK . IQM O , µ <�� _ �ñ� _QK ) . Notethatdueto thechoiceof
contourlevelstheiso-contourdensitydoesnotmirror thefield strength.

3.6 Magneticangular momentumlossanddisk toroidal
field

Jetscanefficiently removeangularmomentum.Themagneticangularmomentumloss
in thediskdueto thejet drivestheaccretionprocessbesideturbulence.

The jet magneticfield structureis governedby the choiceof the functions ¯ W � [ andº�» W � [ , heretaken from an asymptoticsolution. In combinationwith the disk mag-
netic flux distribution in Eq. (2.23)we candeterminetwo parametersinterestingfor
the jet-disk interaction.Theseare: 1) the magneticangularmomentumlossper unit
time andunit radiusfrom the disk into the jet, which givesus the magneticangular
momentumflow from eachsurfaceelementalongthedisk, thatshowswherefrom the
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Figure3.9: Two-dimensionalmagneticflux distribution � W ÌÐ_¢U [ : whole jet magnetic
structurefor í <�� �ù) , × < K � � . Blue: innersolution. Red: outersolution. This figure
hasbeenobtainedby mirroring theaxisymmetrictwo-dimensionalsolutionin Fig. 3.8
respectto thejet-axisandto theequatorialplaneandthenrotatingit by � �nt . Notethat
dueto the choiceof contourlevels the iso-contourdensitydoesnot mirror the field
strength.

disk themagneticangularmomentumis extracted,and2) the toroidal magneticfield
distributionalongthedisk. With ¯ W � [ astheangularmomentumflux perunit timeper
unit flux tube,the(normalized)angularmomentumflux perunit timeperunit radiusis
¤~}� Y ¤ Ì < ��Ì�©��r¯ W Ì [ alongthedisk. Figures3.11and3.13show thebehaviour of both
quantitiesfor our jet modelwith thesteeperprofile of therotationlaw, í < � �*) . Most
of the magneticangularmomentumis lost in the outerpartsof the disk (Fig. 3.11).

The toroidal field distribution, © � W Ì [ < � K�¯ W Ì [�   along the disk hasa maximumat

abouthalf thediskradius(Fig.3.13).Thismayhaveinterestingapplicationsfor accre-
tion diskmodelstakinginto accounta magnetizedwind asa boundarycondition.The
magneticangularmomentumlossis determinedby thenormalization,}� < � W ¯DÍÐÏÒÑ��ÍÐÏÒÑ Y � [ £ ¯ W � [ ¤ � kH� }� < � W S × �ÎÍÐÏÒÑ Y K   T [ £ ¯ W � [

¤ �·_ (3.5)

where

}�
is theintegratedangularmomentumflow in thejet at thedisk surface,whose

dependency from Ì W � [ is shown in Fig. 3.12.

Clearly, the exact distribution of thesequantitiesis biasedby the magneticflux disk
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Figure3.10:Magneticflux distribution � W Ì [ alongthedisksurfaceasdeterminedfrom
theasymptoticjet propertiesandtheKeplerianrotationof thedisk (Fendt& Memola
2001a).In a modelthat takesinto accountthedisk Keplerianrotationin a fully self-
consistentway, sucha magneticflux distribution shouldbe usedas disk boundary
conditionin orderto solve theGSequation(2.20).
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Figure3.11: Magneticangularmomentumlossperunit time perunit radius

¤ }� Y ¤ Ì at
radiusÌ for thejet solutionwith í <�� �*) , shown in Fig. 3.8.

boundaryconditionof ourmodelin Eq.(2.23).However, webelievethatthemainfea-
turesarerathergeneralandvalid for any poloidalcurrentandmagneticflux distribution
with thetypical core-envelopestructure.
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Figure3.12: Integratedangularmomentumflow in thejet at thedisksurface,

}� W Ì [ , for
thejet solutionwith í <�� �*) , shown in Fig. 3.8.

0.0 0.2 0.4 0.6 0.8 1.0
x/xdisk�

2.0

3.0

4.0

5.0

6.0

B
Φ
(x

/x
di

sk
)

Figure3.13:Toroidalfield distribution © � W Ì [ for thejet solutionwith í < � �ù) , shown
in Fig. 3.8.

3.7 Comparisonwith observations

The jet of M87 shows superluminalmotionclearly indicatinga highly relativistic jet
velocity (Biretta, Sparks& Macchetto1999). Recentradio observationshave been
ableto resolvetheinnermostpartof theM87 jet formationregionwith

� ���n��� � � � K mas
beamresolution(Junor, Biretta& Livio 1999),correspondingto K �ù) ��� � � � ��� .  jbÚ .
Assuminga centralsupermassive blackholeof �N� ��� 6 �! (Ford et al. 1994),this is
equivalentto about � �  �� .
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Junor, Biretta & Livio (1999) derived that the jet full openingangleis s �nt up to a
distanceof 0.04pc from thesourcewith astrongcollimationoccurringafterwards.

We now applyour two-dimensionaljet modelto theseobservationsandcomparethe
geometricalscales. Sucha comparisonis not possiblefor e.g. self-similar models.
FromtheobservedradioprofileresolvingtheinnerM87 jet (seeFig.1 in Junor, Biretta
& Livio 1999),wededucea jet radiusof about120Schwarzschildradii. With this,the
first importantconclusionis that the ratio of jet radiusto light cylinder radiusmust
be definitely lessthan the value of 100 which is usually assumedin the literature.
A numbervalueof 3–10seemsto be muchmore likely. Numericalmodelsof two-
dimensionalgeneralrelativistic magneticjetsfitting in this picturewerecalculatedby
Fendt (1997a). Thesesolutions,however, do not take into accountthe differential
rotation º�» W � [ .
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Figure3.14:Nucleusof M87 at 43 GHz(Junor, Biretta& Livio 1999).

Junor, Biretta & Livio (1999)claim that the M87 jet radiusin the region wherethe
jet is first formedcannotbe larger thantheir resolutionof � �  �� . Our conclusionis
that theexpansionrateis limited in bothdirections.Thenew radioobservationsgive
a minimumvalueof 3. Sincethe jet massflow mustoriginateoutsidethemarginally
stableorbit which is locatedat � �es  �� , theoreticalargumentslimit theexpansionrate
to thevalueof about20. Clearly, if thejet radiusis reallyassmallasobservedin M87,
generalrelativistic effectsmayvary thefield structurein thejet formationregion.

By comparingtheM87 jet radiusdeducedabove( � 120
 ��

) with ourmodelsolutions
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(seeTable3.2),we derive anasymptoticlight cylinder radiusof theM87 jet of about) �  �� . The valueobtainedfrom Eq. 3.2 differs from that by a factorof two, but is
biasedby the unknown sizeof the disk radius Ìßîaäæïóð . This parameter, however, does
not affect theglobalsolution.Notethat in relativistic MHD theory, nothingspecialis
happeningat thelight cylinder. For ahighly magnetizedplasmawind thelight surface
correspondsto theusualAlfv énsurfacewhich itself doesnotaffect theflow of matter.
Ergo, thelight cylinder is un-observable.

Also theopeninganglein our numericalsolutionis larger thantheobservedvalueby
a factorof two. Thiscannotbedueto projectioneffectssinceany inclinationbetween
jet-axisandtheline-of-sightwill increasetheobservedopeningangle.Wehypothesize
thatanumericalmodelwith asteeperprofile for theiso-rotationparameterwouldgive
a smallerjet openinganglecomparableto the observed data. This is not surprising,
sincethe jet footpoint anchoredin a Kepleriandisk rotatesfasterthanin our model.
Nevertheless,comparingthecollimationdistanceobservedin theM87 jet andassum-
ing a similar ratio of jet radiusto light cylinder radiusasin our modelwith í < � �*) ,
wefind goodagreement.Thecollimationdistanceis K   T .
In summary, weconcludethattheexampleof theM87 jet givesclearindicationthatthe
light cylinder of AGN jetsmight not beaslargeaspreviously thought.Althoughour
modeldoesnot fit theobservedgeometricalpropertiesof the innerM87 jet perfectly,
wefind in generala closecompatibility.

The importanceof the theoreticalinvestigationof the jet collimation region lies also
into the fact that this is the only way to get informationaboutthe region very close
to the centralobject. In fact, the M87 exampleis uniquefor the combinationof a
closeobjectandasupermassiveblackholeof �¹� ��� 6 �! . Consideringthequasar3C
273at a distanceof about600Mpc we calculateanangularsizeof thejet collimation
regionaround

��� 4  arcsec,which is still un-resolvable.In fact,thespaceVLBI-VSOP
hasa spatialresolutionof tensof microarcseconds.In orderto reacha resolutionof��� 4  arcsecweneedanantennaon theMoon!



Chapter 4

X-ray emissionof MHD jets fr om
stellar massblack holes

4.1 The model

X-raysfrom jetsprobethesitesof themostenergeticparticlesandthemostdramatic
accelerationmechanisms.The jet providestheenergetical link betweenthe disk and
thehardX-ray source.

Undertheassumptionsof axisymmetry, stationarityandinfinite conductivity, theMHD
equationsreduceto theGrad-Shafranovequation, whichdeterminesthefield structure
asdiscussedin Chapter2 andChapter3 andto thewind (or Bernoulli) equationwhich
describesthe flow dynamicsalong the field (e.g. Camenzind1986, 1987; seealsoV 4.2).Thesolutionof theMHD wind equationallows for thecalculationof thephysi-
calparametersof theflow (densities,velocities,temperaturesof each volumeelement),
whichcanbeusedto investigateits spectralproperties.

Here,wecalculatethethermalspectrumof anopticallythin jet flow takingintoaccount
oneof the solutionsof Fendt& Greiner(2001)andconsideringrelativistic Doppler
shifting and boostingas well as different inclinationsof the jet-axis to the line-of-
sight. A similar approachwasundertakenby Brinkmann& Kawai (2000)who have
beenmodelingthetwo dimensionalhydrodynamicoutflow of SS433applyingvarious
initial conditions.However, they do not considerrelativistic effectssuchasDoppler
boostingin their spectra.

Themodelgeometryconsistsof nestedcollimatingmagneticsurfaces.We have, then,
for everymagneticsurfaceasheetof matteracceleratingalongacollimatingcone.The
crosssectionof eachsheetbecomeslarger for largerdistancesfrom theorigin of the
jet. Our approachis thefollowing:

51



52 Thermal emission� The MHD wind solution

The numericalcalculationof the magnetohydrodynamicparametersof a colli-
matingacceleratingwind from the closeenvironmentof a rotatingblack hole,
aspresentedby Fendt& Greiner(2001),is thestartingpoint to obtaintheX-ray
spectraof theinnerjet of stellarmassblackholes.Prescribingthemassflow rate
}� úñûýâ togetherwith theshapeof thecollimatingfield lines U W Ì [ , thesesolutions

give a uniquesetof parametersof the flow definedby the regularity condition
acrossthemagnetosonicpoints.1 We choosea solution(notedasS3 in Fendt&
Greiner2001),where

}� úñûýâ < ��� 4ß. T �! /yr and U W Ì [ <�� � � W Ì��LÌxT [  \ � , Ì be-
ing the normalizedcylindrical radius, ÌxT the foot point of the field line at the
equatorialplane,and U theheightabove thedisk.

Thelengthscalesarenormalizedto thegravitational radius,Rd� < � � � � ����� cm
(
�ZY ) �! ). A temperaturerange� < ���  K  1 – ��� 6 K definestheinnerpartof the

wind solution(from
� K � ��Rd� till ) �n� Rd� ). Our volumedistribution involves5000

volumeelementsalongthe jet and63 in ~ directiondefiningan axisymmetric
torus(i.e. 5000tori alongthemagneticsurface),all togetherforming a conical
sheet.� Calculation of the innermost jet rest-frameX-ray emission

Assuminganoptically thin plasma,thecalculationof thermalX-ray spectraof
the volumeelements(in their rest frame)of the innermostjet, definedby the
wind solution,hasbeenperformed(Brinkmann2001).Fendt& Greiner(2001)
obtainedtemperaturesupto

��� .H1 K andmentionedthepossibilityof X-ray emis-
sion.Thehighertemperaturesreferto theintermediateregion betweendiskand
jet. Suchhigh temperaturesareto a certaindegreecausedby theuseof a non-
relativistic equationof state. Employing a relativistically correctequationof
state(Synge1957)onewould expectgastemperaturesan orderof magnitude
lower (Brinkmann1980).

Theinjectionradius,
  ä , whichis, in fact,theboundaryconditionfor thejet flow,

is locatedat a heightabove thedisk of
� � � � Rd� . It is

  ä < , �*� R3� 2 s � ���  cmW �ZY ) �! [ , where,for the chosenMHD solution, the injection temperatureis��ä < ��� . TLK 1 K. Theinner jet half openingangleat theinjectionradiusis of 80.4
degrees,which respectstheBlandford& Payne(1982)conditionfor allowing a
centrifugallydrivenoutflow of matterfrom thedisk (seeV 1.2).

We (again)are interestedin a tiny region, due to the X-ray temperatures,of
diameterK �*)Î� ��� 4 � AU, whichextendstill 85Schwarzschildradii in U direction
(
 �� < K X �#"%$®Y � 1 < � � �%, � ���  cm),thatmeans

, � � � ��� 4  AU. Microquasarjets
extendup to a few s � ��� � AU in U , thereforeweareinvestigatingtheinnermost
region of a stellarmassblackhole/neutronstarjet. Assuminga microquasarat
a distanceof 10 kpc, the inner region of the jet hasan angularsizeof

� � , K �
1The wind equationhasthreesingularpoints(the slow magnetosonicpoint, the fastmagnetosonic

point, the Alfv én point), wherethe velocity of the wind flow equalsthe speedof the magnetosonic
waves.



Thermal emission 53��� 476 arcsec,while the maximumradiusof this region is � � � � � ��� 8 cm, which
correspondsto anangularsizeof about K � � s � ��� 476 arcsec.� Doppler shifting and boostingof the rest-frameX-ray emission

Consideringtherelativistic Dopplershifting andboostingof theemissionfrom
eachsinglevolumeof the proceedingjet, we achieve spectrafor differentan-
glesbetweenthe line-of-sightand the jet-axis. Freeparametersare the black
hole/accretormass

� < ) �! , the jet massflow rate

}� úüûýâ < ��� 4ß. T �! /yr, the
shapeof themagneticfield lines determinedby U W Ì [ andthechoiceof the an-
gle betweenthe line-of-sightand the jet-axis. Conserved quantitiesalong the
surfacesof constantmagneticflux are: total energy density, total angularmo-
mentum,massflow rateperflux surfaceandiso-rotationparameter.

Thethermalspectraof theoptically thin jet flow areherecalculatedstartingfrom the
MHD equations.In turn, from the comparisonof the theoreticalspectrawith obser-
vationswe might get informationaboutthestructureof thejet very closeto theblack
hole. We emphasizethatour approachis not (yet) a fit to certainobservedspectra.In
contrary, for thefirst time, for a jet flow with characteristicsdefinedby thesolutionof
theMHD wind equation,wederive its X-ray spectrum.

4.2 The MHD wind solution fr om a rotating black hole

Thesolutionsof themagneticwind equationin Kerrmetricwerepresentedby Fendt&
Greiner(2001)with particularapplicationto microquasars.Here,somemajor points
arebriefly discussed.

A stationary, polytropic, generalrelativistic MHD flow along an axisymmetricflux
surfacecanbe describedby the following wind equationfor the relativistic poloidal
velocity 
#�ÎÝ�� ¸
#� Y � , ¸
#� is theNewtonianpoloidalvelocity:


 1� � �< ��ypÍ'� � � � 1�� T � 1 � ypÍ K � 1 � 1�� � � � �W � TÓ�ìypÍ � 1 [ 1 _ (4.1)

where

� T < × :F: º 1» �'K × T : º�»Ø� × TFT�_� 1 < � �Õº�»x�� _
� � < �(� × :F: �'K × T : ��É� × TFT�� 1� 1 � Y Â × 1T : � × TFT × :F: Ã
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(Camenzind1986;Takahashiet al. 1990).2ypÍ = � 1 standsfor thesignof themetric.
�

is thetotal specificenergy densityof the
flow,

� 1 <�� � µ ¼ 
�1� Y ¸©�1� theAlfv énMachnumber, µ ¼ theproperparticledensity,

�
the

specificenthalpy and
¸©�� < ©�� Y W × TFT�M � × T : º�» [ the poloidal magneticfield rescaled

for mathematicalconvenience. º�» < º�» W � [ is the iso-rotationparameterand � the
specificangularmomentumfor the jet, while ç is the black holeangularmomentum
parameter.

For a polytropicgaslaw, ��� �H� ( � = 5/3), thewind equation(4.1) canbeconverted
into a polynomialequation,whosecoefficientsarefunctionsof thenormalizedcylin-
drical radiusÌ <   Y Rd� , whereR is thecylindrical radiusand

 �� < K�R3� (dependingonç ) is thegravitationalradius.

Usually the generalrelativistic equationsare normalizedto the gravitational radius,
whereasthespecialrelativistic equationsarenormalizedto theasymptoticlight cylin-
derradius(asseenin Chapter2).

For eachvolumeelementalongthemagneticflux surface,valuesof velocity, density
andtemperatureareobtained(seeFig. 4.1). This allows for thecalculationof anop-
tically thin X-ray spectrumdefinedby this wind solution. The wind solutioncanbe
calculatedto arbitraryradii, here,a subsetof the whole solutionwill be considered,
till ÌþM ) �n� . Eachvolume elementis definedas ����� µ W Ì�� ~ [ , where ��� is the
line elementalongthe poloidal field line, � µ is the oneacrossthe flux surfaceand��� � < Ì�� ~ is the line elementin ~ direction. Due to the choiceof � ~ <O� � � , a
horizontaljet-torusof rectangularcrosssection(hereafteronly jet-torus)contains63
volumeelements.Thechoiceof the lengthof ��� takesinto accountthatgradientsof
velocities,densitiesandtemperaturesshouldbesmallwithin thevolume( M 1%).

^ W Ì [
is the flux tubefunction, that expressthe openingof the flux surfaces.For the wind
solution,it is

^ W Ì [ = 1, that implies � µ < ��� � . ^ W Ì [ < Ä �¢¡� I Ä Ì < © � Ìx1 . Chosenthe
shapeof the flux surface,determinedby U W Ì [ , ^ W Ì [ definesthe positionof theother
flux surfaces.Notethat in a fully self-consistentapproachthefield structurecouldbe
determinedby the solutionof theGS equation,but suchself-consistentsolutionsare
notyetavailable.In theinnermostpartof thejet theflow is notyetcollimated,therefore
it is basicallymoving in radialdirection,this is thereasonof thelinearvolumedepen-
dencevisible in Fig. 4.1.For radii Ì & ) �n� , thatmeanstemperatures� Ê ���  K  1 K, the
flow collimates.Thepoloidalvelocity 
#� (seeFig. 4.1)3 saturatesat 
#��£ = 2.58for Ì¥¤
= 10

8
, � < K � , . It reachestheslow magnetosonicspeedat Ì = 9, thefastmagnetosonic

speedat Ì = 136andtheAlfv énspeedat Ì = 23. Theasymptoticlight cylinder radius
is locatedat Ì = 28.

2In Kerrgeometry, for Boyer-Lindquistcoordinates,thecomponentsof themetrictensoraredefined
as: ¦�§-§ = ¨ª©
�s«¢¬®°¯H��¬¢±³²3�b´¥µ·¶L�¸±%¦�§-¹ = µº¨»©º«¢¬¢¼�½1¾B¿r��²d�b´¢°¯H��¬¢±1²d�b´�±Y¦®¹-¹ = ¨»©ÁÀÂ��¬¢±³²3�b´@½1¾B¿r�)²3�b´¢°¯H��¬¢±³²3�b´3± with¯d´ÁÃÄ¬¢´^Å�¼d´ÇÆ%È3½³´5²»± where¬ and ² aresimilar to their flat spacecounterpartsphericalcoordinates.

3Note that in Fendt& Greiner(2001) ÉËÊ�Ì is plotted,where É is the lapsefunctiondescribingthe
lapseof thepropertime Í to theglobaltime Î .
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4.3 Thermal emission

We distinguishtwo partsof the inner jet flow. Oneis for a temperaturerange � <���  K  – ��� 6 K, wherewe calculatethe optically thin continuumandtheemissionlines.
Theotheris for � <-��� 6 – ��� .H1 K, whereonly bremsstrahlungis important.

In thehypothesisof optically thin plasma,for temperaturerange� < ���  K 1 – ��� 6 K we
got the emissivities (erg/cm

:
/sec/0.1keV) in the energy band0.2–10.1keV, having a

bin sizeof 0.1keV (Brinkmann2001)for our wind solution. Takinginto accountthe
sizeandthedensityfor acertainvolume,theluminosity(erg/sec/0.1keV) of ajet-torus
of 63 volumeelementshasbeencalculated.Examplesof four differenttemperatures
areshown in Fig. 4.2.

The computationof the continuumspectrumand the emissionlines of an optically
thin plasmatakesinto accountfree-free,free-boundandtwo-photonprocesses(Mewe,
Gronenschild& vander Oord 1985;Kotani et al. 1996;Brinkmann& Kawai 2000).
Thecosmicabundancesusedarethosegivenby Allen (1973)for aplasmain ionization
equilibriumat acertaintemperature� .

Figure4.2 shows that, with the increaseof the temperature,the luminosity rangeis
compressed,thereforethe spectrain Fig. 4.2 (top) look steeperandwith a stronger
cutoff thanthosein Fig. 4.2(bottom) andthestrongcutoff seenfor lower temperatures
disappears.The luminosity of hot gasvolumeelements( � 2O��� 6 K), locatedabove
theinjectionpoint, is higher(factor100)thantheoneof thecooler, but fastervolume
elements.

It is importantto remarkthattheluminositiesshown in Fig. 4.2arecalculatedfor a jet
massflow rateof

}� úñûýâ <½��� 4ß. T �! /yr. This quantityis not known from observations,
thereforethe calculatedluminositiesprovide an essentialcheckfor the jet massflow
ratechoice. In fact, usinga jet massflow rateof

}� úñûýâ < ��� 4 8Q�! /yr the luminosity
would increaseof a factor

�����
, for thesamemagneticfield geometry.

In the energy band 0.2–10.1keV many emissionlines are found for temperatures� <{���� K 1 – ��� 6 K (Mewe,Gronenschild& vanderOord1985;Brinkmann2001).The
energy band0.5–0.9keV containsO,N, Fe,Ne,S,Caemissionlines.Theenergy band
1.0–4.0keV containsNe, Fe,Mg, Ni, Si, S, Ar, Caemissionlines. Theenergy band
6.6–7.0keV mostlycontainsFeXXV andFeXXVI emissionlines.Theselinesarealso
temperatureindicators(Brinkmann& Kawai 2000). FeXXV is the He-like iron and
FeXXVI is theH-like iron. For temperatureshigherthan � <É��� 6 theplasmais fully
ionized,thereforeBremsstrahlungcontinuumemissionis dominant.

In orderto calculatethethermalcontinuumemissionof anoptically thin fully ionized
plasmaweusetheformulaof theBremsstrahlungemission(erg/sec/cm

:
/Hz):

ÏªÐ Ý ¤rÑ¤rÒ ¤ ? ¤rÓ < s � , � ��� 4 : 8 ¡ 1 µ�Ôgµ¥Õ � 4ß.0\]1 u 4rÖ Ð \Ø×YÙÂÚ× _ (4.2)



56 Thermal emission

where Ú× W ��_
Ó [ is thevelocityaveragedGauntfactor (Rybicki & Lightman1979),Z is

the atomicnumber, µ�Ô is the electronsdensity, µ^Õ the ions density, í is the Planck’s
constantand � theBoltzmann’sconstant.A goodestimatecanbemadeby setting Ú× to
unity. For thespectrashown this factordiffersslightly from volumeto volume.

Consideringsizeanddensityof the volumeelement,4 for temperaturesup to
��� 6 K,

we obtainvaluescomparablewith the luminositiesin Fig. 4.2 asexpected. In fact,
Bremsstrahlungis includedin thatcalculation.For temperature� = 10. T K, theBremsstrahlung
luminosity is �
Û°Ü � ��� 1 � erg/sec/0.1keV with a Bremsstrahlungcutoff energy ( í Ó �� � ) at827keV. For temperature� = 10.F. K weobtain �
Û°Ü � ��� 19/ erg/sec/0.1keV with
acutoff energy at8.27MeV. For temperature� = 10.H1 K is �
Û°Ü � ����: T erg/sec/0.1keV
andthe cutoff energy is at 82.7MeV. Therefore,we expectan increaseof the X-ray
luminositydueto thebremsstrahlungcontributionof thehottestregionsin thejet-disk
system,if theoptically thin conditionis still satisfiedthere.

Gamma-rayemissioncan be expectedby the hottestinnermostpart of the jet-disk
system(Fendt& Memola2001b).OSSE(OrientedScintillationSpectrometerExperi-
ment),oneof thefour instrumentsaboardtheComptonGammaRayObservatory, has
observedthemicroquasarGRS1915+105ninetimesin 1995–2000andthedatashow
aspectrumextendingup to I 600keV withoutany break(Zdziarskiet al. 2001).

4A factor2.418 Ý 10Þ1ß convertstheunitsto erg/sec/0.1keV.
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Figure 4.1: Inner part of the wind equationsolution. For
� < ) �! and

}� úüûýâ <��� 4ß. T �! /yr, theradii Ì arenormalizedto thegravitationalradius R3� < � � � � ��� � cm,
thevolumeelements,

Ò
, arenormalizedto

� � � � ��� .0/ cm
:

andtheparticledensity �
is normalizedto

� �*� � � ��� .  cm4 : . 
#�·Ý � ¸
#� Y � is thepoloidalvelocity. Theplasma
temperature� is in Kelvin. The flow is weakly collimatedreachingan half opening
angleof � �nt at aboutÌ < K ) � .
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Figure 4.2: X-ray luminosities for a jet-torus of 63 volume elements(

}� úñûýâ <��� 4ß. T �! /yr). Top: � =
���  K ]� K and � =

��� / K. Bottom: � =
��� 8

K and � =
��� 6 K.



Chapter 5

Theoretical thermal X-ray spectra

5.1 The restframe spectrum

In orderto calculatetheX-ray spectrawe sumup the luminositiesof eachvolumein
thesameenergy bin for thewholetemperaturedistribution(

���  K 1 – ��� 6 K) alongthejet,
that correspondsto 5000volumeelementsalonga singlefield line. Taking alsointo
accountthe 63 volumeelementsin ~ directionwe obtainthe theoreticalthermalrest
framespectrumof aconicalsheet(formedby the5000jet-tori).

As a first step,therestframespectrumis calculatedwithout taking into accountrela-
tivistic effectsof Dopplerboostingandshifting. This spectrumis showedin Fig. 5.1.
The linesat 6.6keV and6.9keV maybe identifiedasthe àá� lines from He-like and
H-like irons,while theoneat 8.2keV couldbethe à~â from theHe-like iron.

Froma total jet massflow ratealongthe whole jet

}� úñûýâ < ��� 4ß. T �! /yr, we derive a
massflow ratethroughajet-torussectionperpendicularto thejet-axisof 2 � ��� 4ß.F. �! /yr.

The total rest-frameX-ray luminosityof the jet is �
ã	ägå ä < � � � � � ��� 1  erg/sec.1 The
total kinetic luminosityof the jet is � ð < � }� úüûýâ � 1 <3� �*) � ��� : / erg/sec.We seethat� ð &�& �
ã@ägå ä . This proves,a posteriori, that thebasicassumptionof a polytropicgas
law ( �æ� �H� _¢� < ) Y � ) usedto obtaintheMHD wind solutionis consistentwith the
amountof radiationlosses.We now considertherelativistic effectsfor thejet moving
toward the observer. We do not take into accountthe counter-jet, which would be
treatedin a similar way. However, dueto therecedingcharacterof thecounter-jet, the
luminositieswouldbede-boosted.

1It includesa factor5 thatcomesfrom theratio betweentheareaof a surfaceperpendicularto the
jet-axisandtheareaof asection(perpendicularto thejet-axis)of the63volumeelementsjet-torus.The
factorremainsconstantalongthejet.
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Figure5.1: Restframespectrumfor a jet conicalsheet.

5.2 The Doppler shifted and Doppler boostedspectra

Therelativistic Dopplerfactoris definedas:

çéè êëÂì êtíïîñðdò�ó�ôHõrö (5.1)

where ë è ì ê÷íøîºù�õ¢ú#û³üØù is the Lorentz factor, î è ý^þ�ÿ
is the plasmavelocity in

unitsof thespeedof light (Rybicki & Lightman1979)and ô is theanglebetweenthe
velocity vectorandtheline-of-sight(in therestframe).Dueto therelativistic motion,
theobservedenergies, ��� andcorrespondingluminosities,��� of each volumeelement
will be respectively shiftedandboostedfollowing Eq. (5.2) and(5.3), over the ones
emitted(calculated)in therestframe, ��� and ��� :

��� è ç ��� ö (5.2)
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��� ì ��� õ è ç�� ��� ì ��� õ
	 (5.3)

������ ��������� ������� �"!#� $ %'&(��)#� * & * �,+.- *0/ +.- * �
12- *0/ 12-
�435� ��6�� ��7�� ��8"� ��9�� ��:�� ��;�� ��<�� ��=�� �435>��
3�>@? :BA :�>�<�CD35>'E 9,AF=G8"<HCI35>
J 1 3'K >L3M8 <L3@KF;�: 3'K >L35> 3'K >�:'= >,KF=�9'9 3'KN3�6�7 >BK =�>�=
3�>@O 3'A ;�9@80CD35> E 3@AF<'=�:HCI35> J ! 3'KP35;�= ;�;,KF6�: >BK =�:�> 3'KP35<'= >,KF;�='9 3'K 8
:�; >BK :�<�6
3�>�E 3'A >�:�<�CD35>'E 9,AF='=L3QCI35>
JRJ 3'K 8"6�< ;�6,KF>L3 >BK <�=�< 3'K 6@8
= >,KF:�<'7 3'KF;';@8 >BK 9�9�6
35>GS4T S.1 =BA ;L35=�CD35>GS 3@AF;'7�7HCI35> JRJ 3'K 8"=@8 :�=,KF<�< >BK <�=�= 3'K 6�<G8 >,KF:�;'> 3'KF<'<L3 >BK 9�7@8

Table5.1: Four examplevolumeelementsandtheir relatedparameters.The higher
temperaturerefersto thejet regioncloserto theaccretor. QuotedarethetemperatureU ,
themassV , theparticledensityW andtheLorentzfactor ë . TheangleôYX is betweenthe
plasmavelocityandtheline-of-sight,if theline-of-sightis parallelto thejet-axis.The
Dopplerfactorcorrespondingto this angleis

ç X . If theline-of-sightin inclinedof ZY[]\
to the jet-axis,theminimum anglebetweenthe plasmavelocity andthe line-of-sight
is ô X í ZY[ \ andthecorrespondingDopplerfactoris

ç úrùM^ , while themaximumangle
betweenthe plasmavelocity andthe line-of-sight is ôYX�_ ZY[ \ andthe corresponding
Dopplerfactoris

ça` ùM^ . In thesameway, for anangleof bc[ \ betweentheline-of-sight
andthejet-axiswecalculate

ç úed�^ and
çf` d�^ .

As anexample,we provide theparametersfor a sampleof four volumeelements(see
Table5.1). In column(1) is the temperatureof a certainvolumeelement. For that
volume,its mass(column2), particledensity(column3) andLorentzfactor(column
4) arequoted.

In column(5), ô è ôYX is theanglebetweenthedirectionof theplasmavelocityandthe
line-of-sight,if theline-of-sightis parallelto thejet-axis.We alsoconsiderothertwo
cases:the line-of-sightinclined to the jet-axisof ZY[]\ andthe line-of-sightinclined to
the jet-axisof bc[]\ . This meansthat theminimum anglebetweentheplasmavelocity
andthe line-of-sightwill be ô è ô X í ZY[ \ in the first caseand ô è ô X í b][ \ in the
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secondcasewhereasthemaximumanglebetweentheplasmavelocityandtheline-of-
sightwill be ô è ô X _ ZY[ \ in thefirst caseand ô è ô X _ bc[ \ in thesecondone.

In order to provide the boostedandshiftedspectra,for eachof the five ô ( ôYX , ôYX íZY[ \ , ô X _ Zg[ \ , ô X í bc[ \ , ô X _ b][ \ ), whosevalueschangefor eachvolumeelement,
5000correspondingrelativistic Dopplerfactorshavebeencalculated(

ç X , ç úrùM^ , ça` ùM^ ,ç úed�^ , ça` d�^ ). Thosevalues,for the4 samplevolumeelementsconsideredin Table5.1,
arein columns(6),(7),(8),(9)and(10).

Taking into accountthe changeof the velocity direction(of the angle ô X ) toward the
line-of-sightalongthejet-torus,it hasbeenconsideredreasonableto dividethe2h jet-
torusof 63 volumeelementsin two regions: 1) 1/3 of thesizecontaining21 volume
elements,for themtheDopplereffect hasbeencalculatedusingtheminimumangles
betweentheplasmavelocityandtheline-of-sight( ôYX�í Zg[]\ or ôYX�í bc[]\ ), 2) 2/3 of the
sizecontaining42 volumeelements,for themtheDopplereffect hasbeencalculated
usingthemaximumanglesbetweentheplasmavelocityandtheline-of-sight( ô X _ ZY[]\
or ôYX(_ bc[]\ ).

Figure5.2: Dopplershiftedandboostedspectrumby Dopplerfactor
ç X (dottedline)

of asinglevolumeelementat U = ê [Yi K andrestframespectrum(solid line).
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Figure5.2showstheshiftedandboostedspectrumof thevolumeelementat U = ê [ i K
in Table5.1calculatedusing

ç X = 1.010( ô X = j ê]	Nkgl \ ). In thiscasewehaveonly aweak
Dopplerboostingandshifting effect, in fact,we arelooking almostperpendicularto
anuncollimatedflow.

It is importantto underlinethat the Doppler factorhasa strongdependenceon the
viewing angle(Urry & Padovani 1995)which getsstrongerfor largerLorentzfactors.
TheDopplerfactor

ç
is unity for ôBm èonYp ð3ðdòHó0q,r ìbë í êQõ þ ì9ë _ ê»õ5s , for angleslarger

than ôBm relativistic deamplificationtakesplace.This is thereasonfor Dopplerfactors
smallerthan unity in our jet (seeTable5.1). Also known as secondorder Doppler
effect, it wasfirst observed in SS 433 (Margon 1984). De-boostingis alsopresent
in the asymptoticradio jets (different from the collimation region investigatedhere)
of GRS1915+105inclined by k []\ to the line-of-sight,actuallyproviding a distance
indicator(Mirabel & Rodrtu guez1994).

Looking at different inclinationsto the jet the shifting andboostingeffect becomes
larger. Figure5.3 ( U = ê [ i K,

ç úrùM^ = 1.069(left),
ça` ùM^ = 0.955(right)) andFig. 5.4

( U = ê [ i K,
ç úed�^ = 1.123(left),

ça` d�^ = 0.909(right)) illustratetheseeffects.In Fig.5.3
(left) andFig.5.4(left) boostingandblue-shifting(dotted,dotted-dashed,triple dotted-
dashedline) of the restframespectra(solid line) arevisible, whereasFig. 5.3 (right)
andFig. 5.4(right) show a de-boostingandred-shiftingof thespectra.Themaximum
boostingis obtainedvia theDopplerfactor

ç � úed�^ = 6.65(for thetemperaturevalue U
= ê [YvGw v d K) andthemaximumde-boosting,for thevolumeat theoppositesideof the
cone,via theDopplerfactor

ç �` d�^ = 0.15for thesametemperature.The line shifting
is clearlyvisible.

In Fig. 5.5 all theshiftedandboostedspectracalculatedfor U = ê [ i K (left) and U =ê [Yx K (right) areplottedtogether. Thespectraof thevolumeelementat lower temper-
aturearesteeperthanthehighertemperatureones.Thehighertemperatureplasmais
moving with slowerspeed,thereforeDopplerboostingandshiftingaremorevisible in
thelowertemperaturesummarizingplot (Fig. 5.5,right). Notethat,dueto thevalueof
theDopplerfactor

ç X (seealsoTable5.1), thecorrespondingspectrumis blue-shifted
if the temperaturevalueis U = ê [ i K (Fig. 5.5, left, bluedottedline) andred-shifted
when U = ê [ x K (Fig. 5.5,right, reddottedline).

5.3 Total Doppler shifted and boostedspectra

We sumup theluminositiesfrom eachvolumeelement(with a differenttemperature)
alongthejet. Sincethevolumeelementshavealsodifferentvelocities,thesinglespec-
tra areshiftedandboosted.We needthento interpolatethesinglevolumeluminosity
values,in orderto obtaina total shiftedandboostedspectrum.

In Fig. 5.6 (left), only a singlevolumeelementin y directionhasbeenconsidered,
this plot canthereforebecomparedwith theonesin Fig. 5.7. In Fig. 5.6 (right), the
calculatedspectraof the jet conicalsheetareshown. WhentheDopplerfactoris

ç X
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Figure5.3: Left: Blue-shiftedandboostedspectrumby Dopplerfactor
ç úrùM^ (dotted-

dashedline) of asinglevolumeelementat temperatureU = ê [ i K andrestframespec-
trum(solid line). Right: Red-shiftedandde-boostedspectrumby Dopplerfactor

ça` ùM^
(dotted-dashedline) of a single volume elementat temperatureU = ê [ i K and rest
framespectrum(solid line).

(the line-of-sightis parallelto the jet-axis),thedifferencebetweenFig. 5.6 (left) and
Fig. 5.6 (right) is exactly of a factor 63 in luminosity. The iron lines appearto be
de-boostedandslightly shifted.

The total X-ray luminosity of the jet consideringthe boostingdueto
ç X is �{z}|N~R| èl}	 b�� ê [�ùM� ( �V����2� è ê [ ú#û4^�V�� /yr) erg/secand,for adifferentjet massflow rate, �{z}|�~R| èl}	 bf� ê [ � ù ( �V����#� è ê [rú���V�� /yr) erg/sec.

Morecomplicatedcases,whentheline-of-sightis inclinedto thejet-axis,areshown in
Fig. 5.7. Theseareour tentatively combinedspectrafor a line-of-sightthat formsan
angleof ZY[]\ (left) and bc[]\ (right) with thejet-axis.An interpolationprocessis neces-
sarynot only to calculatetheblue-shifted(bluescurves)andred-shifted(redcurves)
part of the spectra,but alsoto calculatetheir combinedspectra(greencurves). The
total spectrahave beencalculatedfirst weighingtheblue-partfor 21 volumeelements
and the red-partfor 42 volume elements,then, summingup the valuesonly where
bothdatawereavailableandrenormalizingto 63, in orderto plot all thecontributions
together.

An interestingconsiderationcanbe doneaboutthe iron line featuresin Fig. 5.7 for
thecurvesrepresentingtheboostingandshifting dueto theDopplerfactors

ç úrùM^ and
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Figure5.4: Left: Blue-shiftedandboostedspectrumby Doppler factor
ç úed�^ (triple

dotted-dashedline) of a single volume elementat U = ê [ i K and rest frame spec-
trum(solid line). Right: Red-shiftedandde-boostedspectrumby Dopplerfactor

ça` d�^
(triple dotted-dashedline) of a single volume elementat U = ê [ i K and rest frame
spectrum(solid line).

ç úed�^ . In the first casethe iron lines featuresareconsiderablyshiftedalsoafter the
interpolation.Thechangein theline shapeis dueto thefact that for eachof the5000
volumesalong the jet a differentDoppler factormustbe considered.In the second
case,for a largerjet inclination,thelines,shiftedto higherenergies,arewidely spread
out. The featurearound1.5keV is probablydueto a lack of resolution,the bin size
is 0.1keV. Thecuspidmight beonly anartefact. Thede-boostingcontribution of the
recedingcounter-jet hasnotbeentakeninto account.

The total X-ray luminosity of the jet consideringthe boostingdue to the combined
effect of

ç úrùM^ and
ça` ùM^ is �{z |�~R| è ê]	 b� ê [ ù i ( �V����2� è ê [ ú#û4^ V�� /yr) erg/secand�{z |N~R| è ê]	 b�� ê [ �M� ( �V����#� è ê [ ú�� V�� /yr) erg/sec,while for the case

ç úed�^ and
ça` d�^

we gain �{z |�~R| è ê]	)ê � ê [�ù i ( �V����2� è ê [rú#û4^
V�� /yr) erg/secand �{z |�~R| è ê]	)ê � ê [ �M�
( �V����2� è ê [rú���V�� /yr) erg/sec. Thesevaluescanbe increasedby the contribution of
bremsstrahlungfromthehightemperature( Uo� ê [Yi K) volumestill about� ê [ � d erg/sec.
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Figure5.5: Dopplershiftedandboostedspectraof a singlevolumeelement:summa-
rizing plot. Blue: blue-shiftedspectra.Black: restframespectrum.Red: red-shifted
spectra.Left: U = ê [ i K. Right: U = ê [ x K. For comparison,seeFigs.5.2, 5.3, 5.4,
Table5.1.

5.4 Comparisonwith observations

We find X-ray emissionfrom thehot partof thecollimating,accelerated,galacticsu-
perluminalmagneticjet verycloseto its origin. Thecalculatedspectra(Memola,Fendt
& Brinkmann2002)are the resultof a truly MHD calculation,which describesthe
realflow characteristics.The ��� He-like iron emissionline of our theoreticalthermal
spectrais probablyconfirmedby ASCA (0.5–10keV) observationsof GRS1915+105
(Ebisawaetal. 1998)andthe ��� H-like iron emissionline mightbepresentin ASCA
observationsof XTE J1748í 288(Kotaniet al. 2000).

In GRS1915+105theejectamoveatanangleô è k []\ with respectto theline-of-sight
(Mirabel & Rodrtu guez1994).It hasto beclarifiedthatthis is thecaseof a large-scale
asymptoticcollimatedjet, wherethe motion is alwaysparallelto the jet-axis. In our
small-scalecollimating jet an angleof k [ \ betweenthe motion andthe line-of-sight
is obtainedfor ô è ô X if the temperatureis U = ê [ vGw v d K. Note that in our caseof
uncollimatedwind the velocity (the motion) is directedaway from the jet-axisof an
angle ô è ôYX .
GRS1915+105X-ray luminosityis ê [ � � erg/secin low-stateand ê [ � i erg/secin high-
state(Greiner, Morgan& Remillard1996),andlargerthantheluminositywegain.
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Figure5.6: Left: Dopplershiftedandboostedspectrumof the5000volumeselements
along the jet (green) for Doppler factor

ç X andrest frame(black). Right: Doppler
shiftedandboostedspectrumof thejet conicalsheet(green) for Dopplerfactor

ç X and
restframe(black).

Thedifferencemightbeexplainedby severalreasons:

� It is not yet clearhow muchof the X-ray luminosity comesfrom the disk and
how muchfrom thejet.

� TheBremsstrahlungcontributionof thehottestinnervolumescouldincreasethe
valueof thetotal luminosity, if theconditionof optically thin plasmawouldstill
besatisfied.

� A massflow rateof �V����2� è ê [ ú�� V�� /yr contributesto increasetheluminosityof
a factor ê [ d .

� A morecollimatedfield distribution would imply larger velocitiesandsmaller
anglesbetweenthe plasmamotion and the line-of-sight, this would lead to a
largerDopplershiftingandboosting.

� Higher jet velocities( ë�� Z ) may increasethe Dopplerboosting. Suchveloc-
ities canbe easilyobtainedfor a higherflow magnetization,i.e. for a stronger
magneticfield strengthor a lower jet massflow rate(seee.g.Fendt& Camen-
zind 1996). However, for the samemassflow rate,a highervelocity implies a
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Figure5.7: Left: InterpolatedDopplershiftedandboostedspectrumalongthe jet for
Doppler factors

ç úrùM^ (blue) and
ça` ùM^ (red). Total spectrum(green) andrest frame

(black). Right: InterpolatedDopplershiftedandboostedspectrumalongthe jet for
Doppler factors

ç úed�^ (blue) and
ça` d�^ (red). Total spectrum(green) andrest frame

(black).

lowergasdensity, which maylead,instead,to a decreaseof theluminosity. The
interactionof theseeffectsis rathercomplex.

� Answeringthe questionhow theseeffectsdeterminethe observed X-ray lumi-
nosity, would requirea detailedstudyof variousMHD wind solutionsandtheir
derivedspectrainvestigatingdifferentmagneticfield geometries(degreeof col-
limation), jet massflow rates(theflow magnetization),andalsopossiblemasses
of thecentralblackhole.

Markoff, Falcke& Fender(2001)haverecentlyshown (for XTE J1118+480)thatsyn-
chrotronemissionfrom the jet may play a role alsoin the X-ray band. Their model
differs from oursin somerespects,especiallythe initial jet accelerationis not treated
andthe jet nozzlegeometryis moreconcentratedalongthe axis with a jet radiusof
only 10 Schwarzschildradii (in our modelthejet is muchwider andcollimateslater).
As a consequence,thedensitiesbecomehigherandit is questionablewhethera more
reasonablejet geometrywill deliver thesameamountof X-ray flux.

The theoreticalspectraderived provide an additionalinformationneededin orderto
interpret the observed emissionlines. A more detailedinvestigationmight answer
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the questionwhetherthe line emission,or at leastpart of it, comesfrom the highly
relativistic jet motion or from a rapidly rotating(i.e. alsorelativistic) accretiondisk.
For example,we expect the emissionlines of a collimatedjet being narrower, and
probablyshiftedby a larger Doppler factor, dueto the strongbeaming.Oneshould
alsokeepin mind that the directionof motion of the jet materialis inclined (if not
perpendicular)to thedisk rotation.

If theobservationswould tell usthat theDopplershiftedFelineswhich arevisible in
our theoreticalspectraarisein the jet material,this would alsoprove theexistenceof
a baryoniccomponentin thesejets. If jets from X-ray binariesindeedcontainmatter
of baryoniccomposition,ourmodelwill haveabroadapplication.Indicationof thatis
probablygivenby theobservationof iron emissionlinesin somesources(seeabove).
Our calculatedFe emissionlines may help to interpretthe observed spectraandpo-
tentially give someclue on the plasmacompositionin relativistic jets. Investigating
spectraof jetswith differentmagneticgeometry, massflow ratesandcentralmasses,
in the end,might alsoallow to constrainthe intrinsic parametersof jet formationit-
self (suchasmassloadingor openingangle)from theobservationof the large-scale,
asymptoticjet.
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Summary

In this thesisthe jet formation region of relativistic, magneticjets using stationary,
axisymmetric,magnetohydrodynamicmodelshasbeeninvestigated.Theadvantageof
a stationaryapproachis the possibility to treatthe jet physicson a global scale.Our
resultsareapplicableto highly relativistic jetsasobservedin activegalacticnucleiand
microquasars.In particular, wenumericallycalculatethefield structureof collimating
jets,takinginto accountdifferential rotationof thefoot pointsof thefield lines(Fendt
& Memola2001a;Memola& Fendt2001)andinvestigatetheX-ray emissionof the
innerjet startingfrom thejet flow parameters(Fendt& Memola2001b;Memola,Fendt
& Brinkmann2002).

Wecalculatethetwo-dimensionalmagneticfield distributionin collimating,relativistic
jets. Thestructureof theaxisymmetricmagneticflux surfacesis obtainedby solving
themodifiedrelativistic force-freeGrad-Shafranov equationnumerically. In relativistic
magnetohydrodynamics,electric fieldsbecomeimportantin differenceto Newtonian
magnetohydrodynamics.Thesimplifying assumptionof theforce-freelimit hasbeen
appliedasrelativistic jetsmustbehighly magnetized.Theaccretiondisk is in general
an importantfeaturein the jet formationprocess,thushaving a differentiallyrotating
diskasboundaryconditionwasa fundamentalissue.

Two main problemshad to be solved in order to calculatea two-dimensionalfield
distribution: 1) to determinethea priori unknown locationof thelight surface,2) the
propertreatmentof theregularity conditionalongthat light surface.Thelight surface
is the force-freeequivalent of the Alfv én surfaceand provides a singularity in the
Grad-Shafranov equation.

We find numericalsolutionsfor the two-dimensionalmagneticflux distribution con-
nectingtheasymptoticcylindrical jet with adifferentiallyrotatingdisk. In ourexample
solutionstheasymptoticjet radiusis about2.5timestheasymptoticlight cylinderradii.
This is thefirst truly two-dimensionalrelativistic solutionfor a jet magnetospherein-
cluding differential rotation of the iso-rotationparameter��� ì�� õ . The physicalso-
lution, being characterizedby a smoothtransitionof the field lines acrossthe light
surface,is uniquefor acertainparameterchoiceof therotationlaw ��� .
Thehalf openingangleof thenumericaljet solutionis about60 degrees.Cylindrical
collimation is achievedalreadyaftera distanceof 1–2asymptoticlight cylinder radii
alongthe jet-axis. Differential rotationdecreasesthe jet openingangle,but increases

71



72 Summary

thedistancefrom thejet origin wherecollimationis achieved.The jet expansionrate,
definedas the ratio of the asymptoticjet radiusto the jet radiusat the jet origin, is
about10.

Several interestingproperties,which areimportantfor the disk evolution, canbe de-
ducedfrom the asymptoticjet parameters.Examplesare the disk toroidal magnetic
field distribution, with a maximumat half of thedisk radiusandtheangularmomen-
tum flux perunit time andunit radius.This is interestingasa boundaryconditionfor
accretiondiskmodels.Wefind thatmostof theangularmomentumis lost in theouter
partof thedisk.

Comparisonof our modelwith radio observationsat 43GHz of the M87 jet (Junor,
Biretta& Livio 1999),givesgoodagreementqualitatively. Fromour numericalsolu-
tionwederiveanasymptoticlight cylinderradiusof theM87 jetof about50Schwarzschild
radii. Collimationof thejet wouldbeachievedafteradistanceof two asymptoticlight
cylinder radii from thesource.This valuematchesquitewell the radioobservations,
however, the jet openinganglein our model is larger by a factorof two. M87 is a
uniqueexamplefor thecombinationof acloseobjectandasupermassiveblackholeof� � ê [ i V�� . Consideringthequasar3C 273at a distanceof about600Mpc wecalcu-
late that thecollimationregion hasanangularsizeof 10ú v arcsec,still un-resolvable.
It is thereforeclearthat for mostof theextragalacticjet sourcestheoreticalinvestiga-
tions arethe only possibility to gain informationaboutthe physicalprocessesin the
innermostjet region.

Applying the jet flow parameters(velocity, density, temperature)derivedby Fendt&
Greiner(2001)from therelativistic magnetohydrodynamicwind equation,theoretical
thermalX-ray spectrawereobtained.WecalculatethermalX-ray luminosityalongthe
magneticflux surfacesin theenergy range0.2–10.1keV. Thetotalspectrawerederived
ascompositionof thespectralcontributionsof thesinglevolumeelementsaccelerating
alongthejet with relativistic speed.This is thefirst time thatX-ray spectrahave been
calculatedfrom thenumericalsolutionof amagnetohydrodynamicjet.

We find X-ray emissionfrom the hot inner part of the jet originating in a region ofZ 	P� � ê [ ú�� AU diametercloseto the centerof a 5 V�� jet source. The jet X-ray lu-
minosity is �{z}|�~R|�� ê [ �M� ( �V�� þ ê [ ú���V�� þ ��p õ}¡ pG¢rþ ó£¡dð . Emissionlines of FeXXV and
FeXXVI areclearlyvisible in ourspectra.Interestingly, the ��� iron emissionline has
beenprobablyobservedin GRS1915+105(Ebisawaetal. 1998)andXTE J1748í 288
(Kotaniet al. 2000).

Sincerelativistic effectsasDopplershift andDopplerboostingshouldbeimportantfor
thesejets, we investigatehow the spectraareaffectedby themconsideringdifferent
inclinationsof the line-of-sightto the jet-axis. Sincewe know thevelocity of the jet
from the magnetohydrodynamicsolution, we find a maximumDoppler boostingof
about7. Minimum boostingis presentalongtheoppositesideof thejet cone(Doppler
factor0.53). Theshift of theemissionlinesis alwaysvisible. Theboosting,however,
doesnot play a major role in the total spectra,becauseof theuncollimatedgeometry
of theinnermostpartof thejet emittingtheX-raysandthecombinedeffectof boosting
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andde-boostingaroundthejet cone.

Finally, we like to emphasizethat our approachis not (yet) a fit to certainobserved
spectra. In contrary, for the first time, for a jet flow with characteristicsdefinedby
thesolutionof theMHD wind equation,we derive its X-ray spectrum.Thus,our free
parametersarethemassof thecentralobject V definingthelengthscales,thejet mass
flow rate �V����2� defining the densitiesand the shapeof the poloidal field lines ¤ ì#¥ õ .
Comparisonof our calculatedemissionlines to observed onesmay also give some
hintson theplasmacompositionin relativistic jets.

“The greaterthesphereof our knowledge, thelarger thesurfaceof its contactwith the

infinity or our ignorance”. Anonymous(surelya scientist!)
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Appendix

A.1 Numerical details

Thenumericalsolutionof themodifiedrelativistic GSequation(2.21)is obtainedusing
themethodof finite elementsasdevelopedby Camenzind(1987);Fendt,Camenzind
& Appl (1995);Fendt& Memola(2001a);Memola& Fendt(2001). In orderto pro-
vide thetwo-dimensionalmagnetosphereglobalsolution,the innersolution(thefield
distribution calculatedfrom the jet-axis till the light surface)and the outersolution
(the field distribution calculatedfrom the light surfacetill the jet boundary)arerun
separatelyusingtheFinite ElementCode.

ThemodifiedrelativisticGSequation(2.21)containsthreenonlinearterms:thepoloidal
current,¦ ì�� õ , theangularvelocity, ��� ì�� õ andthegradientsof themagneticflux func-
tion, § � . To deal with thosenon linearities(in particularthe gradientsare highly
nonlinear)differentiterationloopsarenecessary. Theasymptoticsplinefunctionsare
usedto obtain poloidal currentandangularvelocity of the asymptoticcylindrically
collimatedjet. The sourceterm is the right handside of the modifiedGS equation
(2.21).

Differential rotationalsoimpliesanothercomplication:positionandshapeof thelight
surfaceare not known a priori . The problemof handlingthe light surfacebound-
ary lies in the zero presentin the left handsideof the modifiedGS equation(2.21),
whenthecondition ¨���� ì�� õ è ÿ

is fulfilled. Along the light surfacethemodifiedGS
equationreducesto theregularitycondition(seeFendt,Camenzind& Appl 1995),the
boundaryconditionalongthelight surface,thatdependson thetwo-dimensionalsolu-
tion ��ì#¥ ö ¤ õ . The light surfaceiterationloop determinesa boundaryfor thegrid that
allows for the definition of a new grid that is slowly moved to a larger radius. As a
consequenceof thedifferentnumericalgrid, thefield distributionwill change.Plotting
theresultsis possibleonly aftercreatinganequidistantgrid from thenonequidistant
grid of finite elements.

Thecalculationof the innersolutiontakesa coupleof weeks(with anHPC100– 99
MHz workstation),becauseof the combinationof non linear terms,differential rota-
tion andlight surfaceiterationloop. Theoutersolutionis, on theotherhand,usually
obtainedwithin onehour. In orderto save computationaltime a restartprocedureal-
lows to stopthe solutionto verify the resultandrestartit from the last light surface
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iterationstep.

A fragile numericalconvergency processcanbeexpected.Appropriatenumericalpa-
rametersasgrid size,elementsizeanditerationstepsizearenecessary. In particular,
our grid of finite elementsof secondorder may be inadequatefor a calculationof
monotonousgradientsbetweentheelementsif thenumericalresolutionis too low.

Eachof theisoparametriccurvilinearfinite elementsof theserendipityclass(Schwarz
1984;Cesari1994)is formedby8 nodes(gridpoints).Thenumericalgrid usedtocom-
puteboththeinnerandoutersolutionof themodifiedrelativistic GSequation(2.21)is
discretizedin asetof 128finite elementsalongthe ¥ axisand128alongthe ¤ axis,for
a total numberof 49665grid points,agoodcompromisebetweencomputationaltime,
disk spaceandgrid resolution.In theexampleof Fig. A.1 only half of thegrid points
have beenplottedin orderto make the grid morevisible. The equidistantgrid refer
to the innersolutionof theGSequation(2.21)shown in Fig. 3.7. Notehow thegrid
elementsfollow thelight surfaceandthestarsurfaceshape.
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FigureA.1: Equidistantgrid exampleof the innersolutionof theGSequation(2.21)
shown in Fig. 3.7.
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Abstract

Jetsarehighly collimatedflows of matter. They arepresentin a largevarietyof astrophysical
sources:youngstars,stellarmassblackholes(microquasars),galaxieswith anactive nucleus
(AGN) andpresumablyalsointenseflashesof gamma-rays.In particular, the jets of micro-
quasars,poweredby accretiondisks,areprobablysmall-scaleversionsof the outflows from
AGN.

Besideobservationsof astrophysicaljet sources,alsotheoreticalconsiderationshaveshown
thatmagneticfieldsplayanimportantrole in jet formation,accelerationandcollimation.Col-
limatedjetsseemto besystematicallyassociatedwith thepresenceof anaccretiondiskaround
astaror acollapsedobject.If thecentralobjectis ablackhole,thesurroundingaccretiondisk
is theonly possiblelocationfor amagneticfield generation.

We areinterestedin theformationprocessof highly relativistic jetsasobserved from mi-
croquasarsandAGN. We theoreticallyinvestigatethe jet collimation region, whosephysical
dimensionsareextremelytiny evencomparedto radiotelescopesspatialresolution.Thus,for
mostof the jet sources,global theoreticalmodelsare,at themoment,the only possibility to
gaininformationaboutthephysicalprocessesin theinnermostjet region.

For the first time, we determinethe global two-dimensionalfield structureof stationary,
axisymmetric,relativistic, stronglymagnetized(force-free)jetscollimatinginto anasymptot-
ically cylindrical jet (taken asboundarycondition)andanchoredinto a differentially rotating
accretiondisk. This approachallows for a direct connectionbetweenthe accretiondisk and
the asymptoticcollimatedjet. Therefore,assumingthat the foot pointsof the field lines are
rotatingwith Keplerianspeed,weareableto achieve adirectscalingof thejet magnetosphere
in termsof thesizeof thecentralobject.We find a closecompatibilitybetweentheresultsof
ourmodelandradioobservationsof theM87 galaxyinnermostjet.

WealsocalculatetheX-ray emissionin theenergy range0.2–10.1keV from amicroquasar
relativistic jet closeto its sourceof 5 solarmasses.In orderto do it, we applythejet flow pa-
rameters(densities,velocities,temperaturesof each volumeelementalongthecollimatingjet)
derivedin theliteraturefrom therelativistic magnetohydrodynamicequations.Weobtainthe-
oreticalthermalX-ray spectraof theinnermostjet ascompositionof thespectralcontributions
of the single volume elementsalong the jet. Sincerelativistic effects as Doppler shift and
Dopplerboostingdueto themotionof jetstowardusmight beimportant,we investigatehow
thespectraareaffectedby themconsideringdifferentinclinationsof theline of sightto thejet
axis.

Emissionlinesof highly ionizediron areclearlyvisible in our spectra,probablyalsoob-
servedin theGalacticmicroquasarsGRS1915+105andXTE J1748–288.TheDopplershift of
theemissionlinesis alwaysevident.Dueto thechosengeometryof themagnetohydrodynamic
jet, theinnerX-ray emittingpart is not yet collimated.Ergo,dependingon theviewing angle,
theDopplerboostingdoesnot play a majorrole in thetotal spectra.This is thefirst time that
X-ray spectrahave beencalculatedfrom the numericalsolutionof a magnetohydrodynamic
jet.



Abstract

AstrophysikalischeJetssindstarkkollimierte Materiestr̈omungenhoherGeschwindigkeit. Sie
stehenim Zusammenhangmit einerFülle verschiedenerastrophysikalischerObjektewie jun-
genSternen,stellarenschwarzenLöchern(”Mikro-Quasare”),Galaxienmit aktivemKern(AGN)
und wahrscheinlich auchmit dembeobachtetenintensiven Aufblitzen von Gamma-Strahlung
(GammaRayBursts).Insbesonderehatsichgezeigt,dassdieJetsder”Mikro-Quasare”wahrschein-
lich alskleinskaligeVersionderJetsderAGN anzusehensind.

NebendenBeobachtungenhabenvor allemauchtheoretischëUberlegungengezeigt,dass
Magnetfelder beiderJetentstehung,-beschleunigungund-kollimationeinewichtigeRollespie-
len. Weiterhin scheinenJetssystematischverkn̈upft zu sein mit dem Vorhandenseineiner
Akkretionsscheibe um daszentraleObjekt. Insbesonderewennein schwarzesLoch denZen-
tralkörperdarstellt,ist dieumgebendeAkkretionsscheibedereinzigmöglicheOrt um Magnet-
feld erzeugen zu können.

Wir sind speziellinteressiertam EntstehungsprozesshochrelativistischerJetswie sie bei
Mikro-Quasarenund AGN beobachtetwerden. Insbesondereuntersuchenwir die Region, in
der der Jet kollimiert, eineRegion, derenräumlicheAusdehnungextrem klein ist selbstim
VergleichzurAuflösungderRadioteleskope.Diesist einGrund,wiesozumheutigenZeitpunkt
für die meistenQuellendie theoretischeModellierungdie einzigeMöglichkeit darstellt,um
Information über die physikalischenProzessein der innerstenRegion der Jetentstehungzu
erhalten.

Uns ist es zum erstenMal gelungen,die globale zwei-dimensionaleMagnetfeldstruktur
station̈arer, axialsymmetrischer, relativistischerundstarkmagnetisierter(kräfte-freier)Jetszu
berechnen,die zum einenasymptotischin einenzylindrischenJetkollimieren, zum anderen
aberin einerdifferential rotierenden Akkretionsscheibeverankert sind. Damit erlaubtdieser
AnsatzeinephysikalischeVerkn̈upfungzwischenAkkretionsscheibeunddemasymptotischen
Jet.Nimmt manalsoan,dassdie FußpunktederMagnetfeldlinienmit Keplergeschwindigkeit
rotieren,so kannmaneinedirekteSkalierungder Jetmagnetospheremit der GrößedesZen-
tralobjekteserhalten.UnsereResultatezeigeneineguteÜbereinstimmungzwischenunserem
Modell undBeobachtungendesJetsvon M87.

Für dasBeispieleinesrelativistischenMikroquasarjetshabenwir die Röntgenemissionim
Bereichvon 0.2–10.1keV berechnet.Dafür habenwir in derLiteraturausdenrelativistischen
magnetohydrodynamischen GleichungenberechneteJetgr̈oßen(Dichte-, Geschwindigkeits-,
und Temperaturprofil)verwendetund dasSpektrumfür jeden Punktentlangder Jetstr̈omung
abgeleitet.DastheoretischethermischeRöntgenspektrumdesinnersten,heißenTeils desJets
erhaltenwir zusammengesetztausdenspektralenAnteilendereinzelnenVolumenelementeent-
langdesJets.Um relativistischeEffektewie Dopplerverschiebung und-versẗarkung(”boost-
ing”) aufgrundderJetbewegungzuuntersuchen,habenwir für verschiedeneInklinationswinkel
desJetszur Sichtlinieberechnet,wie die erhaltenenSpektrendavon beeinflusstwerden.

UnsereSpektrenzeigendeutlichdiehochionisiertenEisen-Emissionslinien,diein dengalak-
tischenMikroquasarenGRS1915+105undXTE J1748–288andeutungsweisebeobachtetwur-
den.EineDopplerverschiebungdieserLinien ist in unserenSpektrendeutlichzusehen.Dadie
innerste,RöntgenstrahlungemittierendeRegiondesmagnetohydrodynamischen Jetsallerdings
nochunkollimiert ist, spieltDopplerboostingin unserenSpektren,abḧangigvom Sichtwinkel,
keinegroßeRolle. Mit unserenResultatenkonntezumerstenMal einRöntgenspektrumgewon-
nenwerden,dasaufdernumerischenLösungeinesmagnetohydrodynamischen Jetsberuht.
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