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Chapter 1

Introduction and Notation

The Catalogue of Spacetimes is a collection of four-dimensional Lorentzian spacetimes in the context of
the General Theory of Relativity (GR). The aim of the catalogue is to give a quick reference for students
who need some basic facts of the most well-known spacetimes in GR. For a detailed discussion of a
metric, the reader is referred to the standard literature or the original articles. Important resources for
exact solutions are the book by Stephani et al[SKM 03] and the book by Griffiths and Podolsky[GP09].

Most of the metrics in this catalogue are implemented in the Motion4D-library[MG09] and can be visu-
alized using the GeodesicViewer[MG10]. Except for the Minkowski and Schwarzschild spacetimes, the
metrics are sorted by their names.

1.1 Notation

The notation we use in this catalogue is as follows:

Indices: Coordinate indices are represented either by Greek letters or by coordinate names. Tetrad
indices are indicated by Latin letters or coordinate names in brackets.

Einstein sum convention: When an index appears twice in a single term, once as lower index and once
as upper index, we build the sum over all indices:

3
CuCt = Z Cuh. (1.1.1)
n=0

Vectors: A coordinate vector in x* direction is represented as dw = dy,. For arbitrary vectors, we use
boldface symbols. Hence, a vector a in coordinate representation reads a = a*dj,.

Derivatives: Partial derivatives are indicated by a comma, dy/dx* = dy ¥ = v, whereas covariant
derivatives are indicated by a semicolon, Vy = ;.

Symmetrization and Antisymmetrization brackets:

1
acubyy = (aubv Jravb”) , ajuby) = 3 (a“bv favb“) (1.1.2)

| =

1.2 General remarks

The Einstein field equation in the most general form reads|MTW?73]

8nG

— 121
=, (1.2.)

Guv:%Tuv_Ag#v7 =
with the symmetric and divergence-free Einstein tensor G,v = Ruv — %Rg#v, the Ricci tensor Ry, the
Ricci scalar R, the metric tensor gy, the energy-momentum tensor 7y, the cosmological constant A,
Newton’s gravitational constant G, and the speed of light ¢. Because the Einstein tensor is divergence-
free, the conservation equation 7#", = 0 is automatically fulfilled.
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A solution to the field equation is given by the line element
ds* = guydx*dx” (1.2.2)

with the symmetric, covariant metric tensor g,v. The contravariant metric tensor g is related to the
covariant tensor via guyg"* = 3;} with the Kronecker-§. Even though g,y is only a component of the
metric tensor g = guvdx* ® dx”, we will also call g,y the metric tensor.

Note that, in this catalogue, we mostly use the convention that the signature of the metric is +2. In
general, we will also keep the physical constants ¢ and G within the metrics.

1.3 Basic objects of a metric

The basic objects of a metric are the Christoffel symbols, the Riemann and Ricci tensors as well as the
Ricci and Kretschmann scalars which are defined as follows:

Christoffel symbols of the first kind:!

1
R/)Lu = D) (guvﬂ +8urv *gvl,u) (1.3.1)
with the relation

Evi.u = I—itvl +1—i11v (1.3.2)
Christoffel symbols of the second kind:

1
l—ti = Eg“p (gpv,/l +8pav— gv)t,p) (1.3.3)

which are related to the Christoffel symbols of the first kind via
Lh =¢" L, (13.4)

Riemann tensor:

R'uvpa = Fv‘:r,p *1—;/‘;3,6 JFI—:;LR}& 71—‘(;‘“’11—;/% (1.3.5)
or

Ruvoo = gl vos = lvoup — Lvous + L igs — AT, (1.3.6)

uvpo = 8ua vpo vou,p vpu,o vptuci voluoci 9.

with symmetries

Ruvps = —Ruvep, Ruvpe = —Rvyupo, Ruvpe = Rpouv (1.3.7)
and

Ruvpo +Rupov + Rucvp =0 (1.3.8)
Ricci tensor:

Ruv = 87 Rouov = RP 1y (1.3.9)
Ricci and Kretschmann scalar:

R =g" Ry =R"y, A =RapysR*P7° =R ;R ; (1.3.10)

IThe notation of the Christoffel symbols of the first kind differs from the one used by Rindler[Rin01], I Jf/h}jdler = R%LS
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Weyl tensor:

Cuvpo = Ruvps — (8uipRolv —8v(pRou) + %Rgu[pgc]v (1.3.11)
If we change the signature of a metric, these basic objects transform as follows:

Fv‘i = Fv’i: Ruvpe — —Ruvpo, Cuvpo = —Cuvpo: (1.3.12a)

Ryv — Ryv, X —X, H o K. (1.3.12b)
Covariant derivative

Vaguv =8guvia =0. (1.3.13)
Covariant derivative of the vector field y*:

Vyyt = yh =y + I vt (1.3.14)

Covariant derivative of a r-s-tensor field:
aj...a _ aj...a ayd...a armpay...a,_1d
VeI oy =0Ty + g Ty o A TG T 1 (1.3.15)
d ay...a d ray...a =
=Ty Ty = Ly T b a

Killing equation:
Euw + &y =0. (1.3.16)

1.4 Natural local tetrad and initial conditions for geodesics

We will call a local tetrad natural if it is adapted to the symmetries or the coordinates of the spacetime.
The four base vectors e(;) = e%&u are given with respect to coordinate directions d/dx* = d,,, compare

Nakahara[Nak90] or Chandrasekhar[Cha06] for an introduction to the tetrad formalism. The inverse or

dual tetrad is given by () = Gﬁ’)dx” with
(@) u _ s(i) 0),v _
Oe;, =98, —and B¢} =5 (1.4.1)

Note that we us Latin indices in brackets for tetrads and Greek indices for coordinates.

1.4.1 Orthonormality condition

To be applicable as a local reference frame (Minkowski frame), a local tetrad e(;) has to fulfill the or-
thonormality condition

!

(e () =8 (e0) () = uveely = N (14.2)
where 7;)(;) = diag(¥1,%1,41,41) depending on the signature sign(g) = £2 of the metric. Thus, the
line element of a metric can be written as

dS2 = n(i>(j)0(i)0(j> =N3)()) Bﬁw G‘Sﬁdxﬂdxv. (1.4.3)
To obtain a local tetrad e(;), we could first determine the dual tetrad 0" via Eq. (1.4.3). If we combine all

four dual tetrad vectors into one matrix @, we only have to determine its inverse O ! to find the tetrad
vectors,

6, 6" 6" 6 o b <
O — eél) 61(1) 92(1) 93(” N @_1: 650) eél) 612) 653) . (144)
6, 6’ o7 o7 ‘O e D)
6) 6 o o € 1y € €3
There are also several useful relations:
Cla)un = 8uve(y Na)b) = €l €ou =N o, (1.4.5)

0" =n ey, guv = euby’, @Y =66 gh. (1.4.5b)
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1.4.2 Tetrad transformations

Instead of the above found local tetrad that was directly constructed from the spacetime metric, we can
also use any other local tetrad

é(l> = Af?e(k>7 (146)

where A is an element of the Lorentz group O(1,3). Hence ATnA = n and (detA)? = 1.
Lorentz-transformation in the direction n = (siny cos&,sinysin&,cos )" =n, with y=1//1— 2,

A=, AV = —Byn,, A§ = —Byn?, Af = (y— D)nny + 8. (1.4.7)

1.4.3 Ricci rotation-, connection-, and structure coefficients

The Ricci rotation coefficients ¥(;(;)) with respect to the local tetrad e(;) are defined by

- u A I A I A 2 B
Yo (k) = gMe(l.>Ve(k)e(j) = gu,le(l.)ez’mvve‘(j) = gMe(i)eE’m (8‘,6(]-) —O—F‘,ﬁe(j)) ) (1.4.8)
They are antisymmetric in the first two indices, ¥;jyx) = —¥)(i)k), Which follows from the definition,
Eq. (1.4.8), and the relation
_ _ B
0= duny) = Va (gﬁve<i>e(vj)) : (1.4.9)
where Vg5, = 0, compare [Cha06]. Otherwise, we have
i) _ a0 A A (i)
The contraction of the first and the last index is given by
k 0)(i
75 =" 5m =100 = —Tomo + Youmn +Xene + 1emne = el (1.4.11)

The connection coefficients wé?’;)(n) with respect to the local tetrad e ;) are defined by

(m) —._ g(m) b _ glm o uo_ pglm a I u B
“O)m) T Ou Ve(./)e(n)_ (r e(j)vae(n)_ell €(j) (aae(n)+Faﬁ€(n>), (1.4.12)

compare Nakahara[Nak90]. They are related to the Ricci rotation coefficients via

Yok = M) m) @ (k) () (1.4.13)
Furthermore, the local tetrad has a non-vanishing Lie-bracket [X,Y]" = X*d,Y¥ —Y*d,X". Thus,

_ k) _ plk
[ewen] =cupen  or ey =0 [eanep]- (1.4.14)

The structure coefficients CES)U) are related to the connection coefficients or the Ricci rotation coefficients

Via

k)(m k k
B Wm0 = Y ) =750 =700 (1.4.15)

1.4.4 Riemann-, Ricci-, and Weyl-tensor with respect to a local tetrad

The transformations between the coordinate representations of the Riemann-, Ricci-, and Weyl-tensors
and their representation with respect to a local tetrad e(;) are given by

R(a)b)(0)(d) = Ruvpoe(y el el eliy: (1.4.16)
Riay) = Ruvelye(y), (1.4.16b)

1 R
=R ~ 5 Mal@R@1e) = Mol eR@ @) + 3@ Ma))e)- (1.4.16¢)
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1.4.5 Null or timelike directions

A null or timelike direction v = v<i)e<i) with respect to a local tetrad e(; can be written as

v ="0eq) +y (sinycosE e +sinysiné e +cos ) = v Ve + yn.

(1.4.17)

In the case of a null direction we have y = 1 and v(®) = +1. A timelike direction can be identified with

an initial four-velocity u = cy(ep + n), where
w’ = (u,u), =’y (e(o) + Bn,e(g) + ) = 7y (—1+B%) = T, sign(g) = £2.

Thus, y = ¢By and v° = +¢¥. The sign of v(*) determines the time direction.

€@3)

Figure 1.1: Null or timelike direction v
with respect to the local tetrad e;).

The transformations between a local direction v?) and its coordinate representation v* read

vH = v(i)eé‘l.) and 0= Oﬁi)v“.

1.4.6 Local tetrad for diagonal metrics
If a spacetime is represented by a diagonal metric
ds® = goo(dx’)* + g1 (dx')* + g2 (do®)* + g3 (dx)?,  sign(g) = £2,

the natural local tetrad reads
e ;8 e ! J, e ! d, e = ;8
o= vFgoo 0 M) VvEgu b ) VEgn > ) ET LY >

given that the metric coefficients are well behaved. Analogously, the dual tetrad reads

00 = /Fgoodx®, 0V = Egiidx', 0% = Fgnd? 00 = Fgdx’.

1.4.7 Local tetrad for stationary axisymmetric spacetimes

The line element of a stationary axisymmetric spacetime is given by
ds* = gudt* + 2g1pdtde + 8<p<pd(P2 +8rdr* + gp9d®?,

where the metric components are functions of » and ¢ only.

(1.4.18)

(1.4.19)

(1.4.20)

(1.4.21)

(1.4.22)

(1.4.23)

The local tetrad for an observer on a stationary circular orbit, (r = const, % = const), with four velocity

u=cI (d;+{dy) can be defined as, compare Bini[BJ00],

1 1
€ = ar7 €n) = J )
M V&rr @ Too

€(3) =Al [i(gt(p+§g(p(p)at:|:(gn""Cgtgu)a(p]7

€(0) =I (at + C&q,) ,

(1.4.24a)

(1.4.24b)
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r= ! and A1 (1.4.25)

\/ — (81 +28g1p+$%809) \/ & — 8890

The angular velocity ¢ is limited due to g, +2{ g + (%8pp <0

bin=0— 0?5 and  fnx=0+, jo? -2 (1.4.26)
8op 809

with @ = —g/9/80¢-
For { =0, the observer is static with respect to spatial infinity. The locally non-rotating frame (LNRF)

has angular velocity { = o, see also MTW[MTW?73], exercise 33.3.
Static limit: {nin=0 = g, =0. _
The transformation between the local direction v(?) and the coordinate direction v* reads

(1) ()
W=r (v(o) iv<3>Aw1> , o' =2 , 2= , V=T <v<O>C:Fv(3)AW2) . (14.27)
N V890
with
W1 = 8o + gggo(p and w2 = g + ng(p- (1.4.28)

The back transformation reads

o_ 1 00w, + 03w
r Cwl +wy

3) 1 ¢ —v’

2) — 4
ATl Cwl +wy

v( D(l) — grrvl, v( — 81919 ’()2’ ’[)< (1429)

Note, to obtain a right-handed local tetrad, det (eﬁ)) > 0, the upper sign has to be used.

1.5 Newman-Penrose tetrad and spin-coefficients

The Newman-Penrose tetrad consists of four null vectors e(*l.) = {l,n,m,m}, where 1 and n are real and m

and m are complex conjugates; see Penrose and Rindler[PR84] or Chandrasekhar[Cha06] for a thorough
discussion. The Newman-Penrose (NP) tetrad has to fulfill the orthonormality relation

01 0 0

* * ok . * _ 1 0 0 O

<"<i>’em>—"<i>u> with me =10 0 o -1 |- (1.5.1)
00 -1 0

A straightforward relation between the NP tetrad and the natural local tetrad, as discussed in Sec. 1.4,
is given by

I 1 1 ,
I=F 5 (o ten), n=F (o —en), m=F 7 (e tip), (152)

where the upper/lower sign has to be used for metrics with positive/negative signature. The Ricci
rotation-coefficients of a NP tetrad are now called spin coefficients and are designated by specific symbols:

K=Yomu:  P=TomE, €= % (Moo + 126)0) (1.5.32)
=Yy HETnee, 1 % (Moom +1eEm) (1.5.3b)
A=vEe)r  TETO0), 0= % (o +%2e6) (1.5.3¢)
Ve, TEYe0,  B= % (o +1eee) - (1.5.3d)
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1.6 Coordinate relations

1.6.1 Spherical and Cartesian coordinates

The well-known relation between the spherical coordinates (r, 9, ) and the Cartesian coordinates (x,y,z),

compare Fig. 1.2, are

x=rsin¥cos @, y=rsinUsin @, z=rcosV,

and

r=vVRty+z2, 0 =arctan2(vo2+y2,2),

where arctan2() ensures that ¢ € [0,27) and ¢ € (0, 7).

¢ = arctan2(y, x),

Y

Figure 1.2: Relation between spherical
and Cartesian coordinates.

The total differentials of the spherical coordinates read

(x2 2 _
dr— xdx—!—ydy—i—zdz, 40 = xzdx+yzdy— (x*+y )dz7 do — ycix—l—)zcdy’
-, EN e 24y
whereas the coordinate derivatives read
oy = QGX—&— @8,,—&— %81 =sin ¥ cos ¢ dy +sin ¥ sin @ d, +cos ¥ J;,
oar dr °  or
ox dy dz . .
dy = %&r—i— %%—&— %@ = rcos ¥ cos @ dy + rcos ¥ sin@ dy, — rsin ¥ d,,
dp = g;c)c?er g;&y+ (‘;;az = —rsind¥sin@ d; +rsin ¥ cos @ 9y,
and
_or v o, . cos B cos ¢ sin @
Oy a&,—i— E&s—kg&p =sin¥cos @ J, + . dy — g 0P
_or 29 1o, . . cos ¥ sin @ cos @
dy = 8yar+ R ds + Iy dy =sin¥sin@d, + ing 0P
ar av e sin ¥
8Z—a—zar+a—z8§+a—zc9¢ =cosd¥od, — ds.

1.6.2 Cylindrical and Cartesian coordinates

(1.6.1)

(1.6.2)

(1.6.3)

(1.6.4a)

(1.6.4b)

(1.6.4¢)

(1.6.5a)

(1.6.5b)

(1.6.5¢)

The relation between cylindrical coordinates (r, ¢,z) and Cartesian coordinates (x,y,z) is given by

X=rcosQ, y=rsinQ, and r=+/x>+y%, @ =arctan2(y,x),

(1.6.6)
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ZA

\
\
Y

r Figure 1.3: Relation between cylindrical
X and Cartesian coordinates.

where arctan2() again ensures that the angle ¢ € [0,27).
The total differentials of the spherical coordinates are given by

dr =By oy, ydxxdy (16.7)
r r
and
dx=cos@dr—rsin@do, dy =sin@dr+rcos@d@. (1.6.8)
The coordinate derivatives are
ox dy .
oy = 58,(—&—58), =cos Qo +sin@d,, (1.6.9a)
dp = g();ax+§();8y = —rsin@Q dy +rcos @ dym (1.6.9b)
and
_dr o sin @
ax = aar—i—gaq) —COS(Par_ Tay7 (1610&)
=25, 1+2%5 —singpa,+ %%, (1.6.10b)
Yoy oy ? ¢ or ro o
1.7 Embedding diagram
A two-dimensional hypersurface with line segment
dc® = g (r)dr’ + gge(r)d ¢’ (1.7.1)
can be embedded in a three-dimensional Euclidean space with cylindrical coordinates,
dz \?
do? = |1+ () dp* +p*de®. (1.7.2)
dp
With p(r)? = geo(r) and dr = (dr/dp)dp, we obtain for the embedding function z = z(r),
d 2
dz :i\/g,r—< Vg""”) . (1.7.3)
dr dr

If goo(r) = 1%, then d,/goq/dr = 1.
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1.8 Equations of motion and transport equations

1.8.1 Geodesic equation

The geodesic equation reads

D2 it B A%t u dxP dx®

az oz e an T (18.1)

with the affine parameter A. For timelike geodesics, however, we replace the affine parameter by the
proper time 7.

The geodesic equation (1.8.1) is a system of ordinary differential equations of second order. Hence, to
solve these differential equations, we need an initial position x*(A = 0) as well as an initial direction
(dx*/dA)(A = 0). This initial direction has to fulfill the constraint equation

dx* dx”
g“vﬁﬁ = KC2, (182)

where k = 0 for lightlike and x = F1, (sign(g) = £2), for timelike geodesics.

The initial direction can also be determined by means of a local reference frame, compare sec. 1.4.5, that
automatically fulfills the constraint equation (1.8.2). If we use the natural local tetrad as local reference
frame, we have

dx*

| =ovt=00, 1.8.
i l,, 0TV (1.8.3)

)
1.8.2 Fermi-Walker transport

The Fermi-Walker transport, see e.g. Stephani[SS90], of a vector X = X*d, along the worldline x*(7)
with four-velocity u = u*(7)dy is given by FyX* = 0 with

NG 1
FouX* := — +I[euPX° + = (uCat —a®ut) gpoXP. (1.8.4)

The four-acceleration follows from the four-velocity via

D*x*  Du*  dut "
e T a a Tet 185

1.8.3 Parallel transport

If the four-acceleration vanishes, the Fermi-Walker transport simplifies to the parallel transport Py X* =0
with
DXx*  dx*

PuXH := = +I[euPX°. (1.8.6)

1.8.4 Euler-Lagrange formalism

A detailed discussion of the Euler-Lagrange formalism can be found, e.g., in Rindler[Rin01]. The La-
grangian .Z is defined as

L =g, L=k, (1.8.7)
where x* are the coordinates of the metric, and the dot means differentiation with respect to the affine

parameter A. For timelike geodesics, k = F1 depending on the signature of the metric, sign(g) = +2. For
lightlike geodesics, k = 0.



10 CHAPTER 1. INTRODUCTION AND NOTATION

The Euler-Lagrange equations read

d 0 9%

o 5 =0 (1.8.8)

If . is independent of x”, then x” is a cyclic variable and

Pp = gpvx" = const. (1.8.9)

Note that [.Z], = liﬁith for timelike and [.Z], = 1 for lightlike geodesics, see Sec. 1.10.

1.8.5 Hamilton formalism
The super-Hamiltonian 47 is defined as

1 1
H = ngl’ul’v’ = EKCZ, (1.8.10)
where p, = guvi¥ are the canonical momenta, see e.g. MTW[MTW?73], para. 21.1. As in classical me-
chanics, we have
At 9 dpy 95

= — and

1.9 Special topics

1.9.1 Timelike circular geodesics

Given a spacetime in spherical or polar coordinates, timelike circular geodesics with respect to the radial
coordinate can be found by means of the equation for acceleration
dut
at = S 4 Th i (1.9.12)
dr
and the ansatz for the four-velocity u = cy (e() + Be(y)) = u' 0 +u?dy with y=1/,/1— B2. To be geodetic,
all components of the four-acceleration (1.9.12) must vanish. Because u = const, du* /dt = 0. In spherical
coordinates, the remaining equations read

!
a = Lu'u' +2Lpu' u? + T u®u® = 2y [ e ) e’([ —&—Zﬁl;ipet(t)e'(q)) —|—[32Ft et e’w)} =0, (1.9.13a)
a" = L' + 20 0u' u® +T5,ufu? = ¢ 292 [ et ezt +2B15, B21—'r (p)} < 0, (1.9.13b)

U =L + 2L 0u' u? + Lhu®u? =y [r,?e +2ﬁr1’ g +B2F’9 ;q))] 20, (1.9.13¢)

t

t

a? = [Pl + 280 u® + Tufu® = Ay {F,,‘”e )+ 2BL0¢ o) + B Ewe’(@efw)} L0, (1.9.13d)

1.10 Units

A first test in analyzing whether an equation is correct is to check the units. Newton’s gravitational
constant G, for example, has the following units

length3
[G] = . 3
mass - time

U

(1.10.1)

where [-|, indicates that we evaluate the units of the enclosed expression. Further examples are

length chwarzschil 1
o R =

[ds],, = length, v, = e pras

[ Rslglzl\;v:;?;child} _ lengthz. (1.10.2)
U
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1.11 Energy momentum tensor

The Einstein field equations (1.2.1) connect the geometry of the spacetime with the density of the energy
and the momenta. For a given energy momentum tensor 7y, they are a differential system for the
spacetime components g,y. On the other hand, they give us the energy momentum tensor for a given

spacetime geometry. In this case, 7,y has to satisfy the so called energy conditions to guarantee that the
metric is physically reasonable. These conditions go back to Hawking and Ellis [HE99].

1.11.1 Energy conditions

Weak energy condition:

An observer moving with the four-velocity u* measures the local energy density p := T, u*u”. It has to
be non-negative for all causal u*, that means for all timelike and lightlike u*:

p = Tyyutu” > 0. (1.11.1)
For lightlike u* this is also called null energy condition.
Dominant energy condition:
An observer moving with the four-velocity u* with T,y u*u" > 0 measures the local energy flux w! :=

T"Vu, which has to be also a causal four-vector for all u*. For the metric signature +2, this condition
reads

guvwtw? <0. (1.11.2)
Strong energy condition:

The tidal energy momentum tensor is defined by 7,y := Ty — 3T guy. The corresponding energy density
p := Tyvutu¥ has to be non-negative for all causal four-velocities u*:

1
p= (T,w - 2Tguv> utu’ > 0. (1.11.3)

1.11.2 Examples for energy momentum tensors
Hawking-Ellis type I:

The energy momentum tensor for an observer whose world-line has the unit tangent vector ey is

@wy_| 0 p 0 0
S Y T (1.11.4)
0 0 0 P3

with the local energy density py and the pressures p; in the three spacelike directions (see [HE99]). We
will consider a four-velocity with respect to the same local tetrad as 7(?)(%). The observer moves without
loss of generality in e-direction (k € {1,2,3}). Thus, it is

ut = (u(o),u<k)e(k>) (1.11.5)

with u(® = ¢y and u®) = ¢By in the timelike and u(®) = u®) = 1 in the lightlike case. The weak energy
condition (1.11.1) yields

p = Tyvutu’ = poc*y* + prc® B2y >0 (1.11.6)
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and thus, especially for the cases f =0 and 8 = 1 the conditions

po>0 and poc®+ pr > 0. (1.11.7)
For the dominant energy-condition (1.11.2) we obtain

guvwtw’ =~y pd + 2By pi <O0. (1.11.8)
and especially for f =0and =1

—p3 <0 and poc* > |pxl. (1.11.9)

The strong energy-condition (1.11.3) then yields

p= % (Poc® +p1+p2+p3) Y+ % (P3C® + Pk — Prst — Pra2) B2Y > 0. (1.11.10)
and for f=0and 8 =1

poc*+p1+p2+p3 >0 and  poc®+ pi > 0. (1.11.11)
Perfect fluid:

The energy momentum tensor of a perfect fluid is given by
THY — (po+£2> V”ver%pg“v (1.11.12)
c
with the four-velocity v of the particles, the energy density in the rest frame py, the isotropic pressure

p and the signature of the metric sign(g) (sign(g) = +2 or sign(g) = —2). In a local rest frame with v(*) =
(¢,0,0,0) it is

poc> 0 0 O

@ey_ [ 0 p 00

T 0 6 p» 0 (1.11.13)
0 0 0 p

which is a special case of the Hawking-Ellis type I energy momentum tensor (1.11.4). The resulting
conditions from the weak energy condition are

po>0 and poc?+p>0, (1.11.14)
from the dominant energy condition

—p3<0 and poc®>|pl, (1.11.15)
and from the strong energy condition

poc® +3p<0 and poc*+p>0. (1.11.16)
Electromagnetic field:

The energy momentum tensor of the electromagnetic field reads (see [Wal84])

1 1
Tyy = — <FupF\E - gquch’m> (1.11.17)
Ho 4

with the constant of the magnetic field p, the electromagnetic field strength tensor
Fuv =V Ay — VA, (1.11.18)

and the four-potential

At = (¢,A) . (1.11.19)

c
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1.12 Tools

1.12.1 Maple/GRTensorll

The Christoffel symbols, the Riemann- and Ricci-tensors as well as the Ricci and Kretschmann scalars in
this catalogue were determined by means of the software Maple together with the GRTensorll package

by Musgrave, Pollney, and Lake.?

A typical worksheet to enter a new metric may look like this:

> grtw();
> makeg (Schwarzschild);

Makeg 2.0: GRTensor metric/basis entry utility

To quit makeg, type ’‘exit’ at any prompt.

Do you wish to enter a 1) metric [g(dn,dn)],
2) line element [ds],
3) non-holonomic basis [e(l)...e(n)], or
4) NP tetrad [1l,n,m,mbar]?

Enter coordinates as a LIST (eg. [t,r,theta,phil]):
> [t,r,theta,phi]:

Enter the line element using d[coord] to indicate differentials.
(for example, r"2+ (d[theta]”2 + sin(theta)"2xd[phi]"2)

[Type ’"exit’ to quit makeg]

ds”2 =

If there are any complex valued coordinates, constants or functions
for this spacetime, please enter them as a SET ( eg. { z, psi } ).

Complex quantities [default={}]:
> {}:

You may choose to 0) Use the metric WITHOUT saving it,
1) Save the metric as it is,
2) Correct an element of the metric,
3) Re-enter the metric,
4) Add/change constraint equations,
5) Add a text description, or
6) Abandon this metric and return to Maple.

The worksheets for some of the metrics in this catalogue can be found on the authors homepage. To
determine the objects that are defined with respect to a local tetrad, the metric must be given as non-
holonomic basis.

The various basic objects can be determined via

Christoffel symbols FVF;J grcalc (Chr2); grcalc (Chr (dn,dn, up)) ;
partial derivatives I“VF;,’G grcalc (Chr (dn,dn, up,pdn)) ;
Riemann tensor Ruvpo grcalc (Riemman) ; grcalc(R(dn,dn,dn,dn));
Ricci tensor R,y grcalc (Ricci); grcalc(R(dn,dn));

Ricci scalar # grcalc (Ricciscalar);

Kretschmann scalar #° grcalc (RiemSq) ;

1.12.2 Mathematica

The calculation of the Christoffel symbols, the Riemann- or Ricci-tensor within Mathematica could read
like this:

Clearing the values of symbols:
In[l]:= Clear[coord, metric, inversemetric, affine,

2The commercial software Maple can be found here: http://www.maplesoftcom. The GRTensorll-package is free:
http://grtensor.phy.queensu.ca.
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t, r, Theta, Phi]

Setting the dimension:
In[2]:= n := 4

Defining a list of coordinates:
In[3]:= coord := {t, r, Theta, Phi}

Defining the metric:
In(4]:= metric := {{-(1 - rs/r) c*2, 0, 0, 0},
{0, 1/(1 - rs/xr), 0O, 0},
{0, 0, r~2, 0},
{0, 0, 0, r *2 Sin[Theta]"2}}
metric // MatrixForm

In[5]:

Calculating the inverse metric:
In[6]:= inversemetric := Simplify[Inverse[metric]]

In[7]:= inversemetric // MatrixForm

Calculating the Christoffel symbols of the second kind:
In[8]:= affine := affine = Simplify[
Table[ (1/2) Sum[inversemetric|[ [Mu, (

+

Rho]]
D[metric[[Rho, Nu]], coord[[Lambda]]]
D[metric[[Rho, Lambdal]l], coord[[Nu]]] -
D[metric[[Nu, Lambda]], coord[[Rhol]l]),
{Rho, 1, n}], {Nu, 1, n}, {Lambda, 1, n}, {Mu, 1, n}]

Displaying the Christoffel symbols of the second kind:

In[9]:= listaffine :=
Table[If[UnsameQ[affine[[Nu, Lambda, Mull, 0],
{Style[ Subsuperscript[\[CapitalGammal],
Row[{coord[[Nu]], coord[[Lambdal]]}], coord[[Mu]l]]l, 18],
nen,
Style[affine[[Nu, Lambda, Mul]l, 141}1,

{Lambda, 1, n}, {Nu, 1, Lambda}, {Mu, 1, n}]

n[l0]:= TableForm[Partition[DeleteCases|[Flatten[listaffine],
Null]l, 31,
TableSpacing -> {1, 2}]

Defining the Riemann tensor:
n[ll]:= riemann := riemann =
Table[D[affine[[Nu, Sigma, Mu]], coord[[Rho]]] -
D[affine[[Nu, Rho, Mu]l, coord[[Sigmalll +
Sum[affine[ [Rho, Lambda, Mu]]

affine[[Nu, Sigma, Lambdal]] -
affine[[Sigma, Lambda, Mu]l]
affine[[Nu, Rho, Lambdal],

[
[
[
{Lambda, 1, n}],
{Mu, 1, n}, {Nu, 1, n}, {Rho, 1, n}, {Sigma, 1, n}]

Defining the Riemann tensor with lower indices:
n[l2]:= riemannDn := riemannDn =
Table[Simplify(
Sum[metric[[Mu, Kappal] riemann[[Kappa, Nu, Rho, Sigmall],
{Kappa, 1, n}l],
{Mu, 1, n}, {Nu, 1, n}, {Rho, 1, n}, {Sigma, 1, n}]

n(l3]:= listRiemann :=
Table[If[UnsameQ[riemannDn[[Mu, Nu, Rho, Sigmal], 0],
{Style[Subscript [R, Row[{coord[[Mu]], coord[[Nu]], coord[[Rho]],
coord|[[Sigmal]l}]], 161, "=",

riemannDn[ [Mu, Nu, Rho, Sigmall}l,
{Nu, 1, n}, {Mu, 1, Nu}, {Sigma, 1, n}, {Rho, 1, Sigma}]

n[l4]:= TableForm[Partition[DeleteCases|[Flatten[listRiemann],
Null], 31,
TableSpacing —-> {2, 2}]

Defining the Ricci tensor:
n(l5]:= ricci := ricci =
Table [Simplify[
Sum[riemann[[Rho, Mu, Rho, Nul], {Rho, 1, n}l],
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{Mu, 1, n}, {Nu, 1, n}]

In[l6]:= listRicci :=
Table[If[UnsameQ[ricci[[Mu, Nu]l], 0],
{Style[Subscript [R, Row[{coord[[Mul]], coord[[Nu]]}]]l, 16],

n_mn
’

Style[ricci[[Mu, Nul], 16]}], {Nu, 1, 4}, {Mu, 1, Nu}]

In[1l7]:= TableForm[Partition[DeleteCases[Flatten[listRicci],
Null], 31,
TableSpacing -> {1, 2}]

Defining the Ricci scalar:
In[18]:= ricciscalar := vricciscalar =
Simplify[Sum|
Sum[inversemetric[[Mu, Nu]] ricci[[Nu, Mul],
{Mu, 1, n}l], {Nu, 1, n}l]

Defining the Kretschmann scalar:
In[19]:= riemannUp := riemannUp =
Table [Simplify[
Sum[inversemetric[ [Nu, Kappa]l]
riemann[[Mu, Kappa, Rho, Sigmall, {Kappa, 1, n}ll,
{Mu, 1, n}, {Nu, 1, n}, {Rho, 1, n}, {Sigma, 1, n}]

In[20] := kretschmann := kretschmann =
Simplify[Sum[ Sum[Sum[Sum[
riemannUp[ [Mu, Nu, Rho, Sigmal]]
riemannUp|[ [Rho, Sigma, Mu, Nul]l,
{Mu, 1, n}], {Nu, 1, n}], {Rho, 1, n}], {Sigma, 1, n}]

Some example notebooks can be found on the authors homepage.

1.12.3 Maxima

Instead of using commercial software like Maple or Mathematica, Maxima also offers a tensor package
that helps to calculate the Christoffel symbols etc. The above example for the Schwarzschild metric can

be written as a maxima worksheet as follows:

/* load ctensor package =*/
load (ctensor) ;

/+ define coordinates to use x/
ct_coords: [t,r,theta,phil];

/+ start with the identity metric =/

lg:ident (4);
1g[l,1]:-c"2%(1l-rs/r);
1g(2,2]:1/(1-rs/xr);
1g[3,3]:r"2;
1g[4,4]:r"2+sin(theta) "2;

/* computes the metric inverse and sets up the package for further calculations.

cmetric();

/* calculate the christoffel symbols of the second kind =%/
christof (mcs);

/* calculate the riemann tensor
Note the different ordering of the indices:
R[mu, nu, rho, sigmal=1lriem[nu, sigma, rho, mu]

*/
lriemann (true);
RM (mu, nu, rho, sigma) :=lriem[nu, sigma, rho, mu];

/* calculate the ricci tensor =/
ricci (true);

/% simplify the ricci tensor */
ratsimp(ric(1,1]);
ratsimp(ric[2,2]);

*/
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/* calculate the ricci scalar =/
scurvature () ;

/* calculate the Kretschmann scalar =/
uriemann (false);

rinvariant () ;

ratsimp (%) ;

Here, we have used maxima version 5.20.1.

1.12.4 Sympy

Another alternative to commercial software is the SymPy package for python. The m4d module is par-
tially based on...

import sys
from sympy import =

class Metric (object):

nun

Turn matrix into upper and lower metric

def __init__ (self,m):
self.gdd = m
self.guu = m.inv ()

def __str_ (self):
return "g_dd = \n" + str(self.gdd)

def dd(self,i,j):
return self.gdd[i, j]

def uu(self,i,]j):
return self.guuli, j]

class Gamma (object) :
wnn

Calculate Christoffel Gamma_ij”k symbols of metric g
win
def __init__ (self,g,x):
self.g = g
self.x = x

def ddu(self, i, j, k):

g = self.g
x = self.x
chr = 0

for m in [0,1,2,3]:
chr += g.uu(k,m)/2 * (g.dd(m,1i).diff(x[3j]) \
+ g.dd(m, j) .diff (x[1]) - g.dd(i,]).diff(x[m]))
#return chr.simplify ()
return chr

class Riemann (object) :
wnn

Calculate Riemann tensor R”mu_nu, rho, sigma
wun
def __init__ (self,qg,G,x):

self.g = g

self.G = G

self.x = x

def uddd(self,mu,nu,rho,sigma) :

G = self.G
x = self.x
R = G.ddu(nu, sigma,mu) .diff (x[rho]) - G.ddu(nu,rho,mu).diff (x[sigma]
for lam in [0,1,2,3]:
R += G.ddu(rho, lam,mu) *G.ddu (nu, sigma, lam) - \

G.ddu (sigma, lam, mu) *G.ddu (nu, rho, lam)
return R.simplify ()

def dddd(self,mu,nu,rho,sigma) :
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g = self.g
R=0
for lam in [0,1,2,3]:
R += g.dd(mu, lam) *self.uddd (lam, nu, rho, sigma)
return R.simplify ()

class Ricci (object):
wnn

Calculate Ricci tensor from Riemann tensor
win
def _ _init__ (self,R):

self.R = R

def dd(self,mu,nu):
R = self.R
Ric = 0
for rho in [0,1,2,3]:
Ric += R.uddd(rho,mu, rho, nu)
return Ric.simplify ()

class RicciScalar (object):

nun

Calculate Ricci scalar from Ricci tensor
W
def __init__ (self,Ric,qg):

self.Ric = Ric

self.g =g

def value (self):
Ric = self.Ric
g = self.g
RS =0
for mu in [0,1,2,3]:
for nu in [0,1,2,3]:
RS += g.uu(mu,nu) «Ric.dd (mu, nu)
return RS.simplify ()

def pprint_christoffel ddu(Gamma,i, j, k) :
pprint (Eq(Symbol (' Chr_%i%$i”%i’” % (i, 3, k)), Gamma.ddu (i, j,k)))

def pprint_christoffels (Gamma) :
for 1 in [0,1,2,3]:
for j in [0,1,2,3]:
for k in [0,1,2,3]:
if (Gamma.ddu (i, j,k) !=0):
pprint_christoffel_ ddu(Gamma, i, j, k)

def pprint_riemann (Riemann) :
for i in [0,1,2,3]:
for j in [0,1,2,3]:
for k in [0,1,2,3]:
for m in [0,1,2,3]:
if (Riemann.uddd (i, j, k,m) !=0) :
pprint (Eg(Symbol (YR*"%i_%i%i%i’ % (i,J,k,m)), Riemann.uddd (i, j, k,m))

def pprint_riemann_down (Riemann) :
for i in [0,1,2,3]:
for j in [0,1,2,3]:
for k in [0,1,2,3]:
for m in [0,1,2,3]:
if (Riemann.uddd (i, j,k,m) !'=0
i

pprint (Eq(Symbol ('R_%$1%i%i%i’ % (i,j,k,m)), Riemann.dddd(i,j,k,m))
def codeprint_metric (g, f=sys.stdout) :
for 1 in [0,1,2,3]:
for j in [0,1,2,3]:
print >>f, "g_compts[{0}]1[{1}] = {2};".format (i, j,ccode(g.dd(i,]j)))

def codeprint_christoffels (Gamma, f=sys.stdout) :
for 1 in [0,1,2,3]:
for j in [0,1,2,3]:
for k in [0,1,2,3]:
print >>f, "christoffel[{0}]1[{1}]1[{2}] = {3};".format (i, j, k,ccode (Gamma.ddu (i, j, k)))
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def codeprint_chrisD (Gamma, X, f=sys.stdout) :
for 1 in [0,1,2,3]:
for j in [0,1,2,3]:
for k in [0,1,2,3]:
for m in [0,1,2,3]:
print >>f, "chrisD[{O0}][{1}1[{2}1[{3}] = {4};"
.format (i, j, k,m, ccode (Gamma.ddu (i, j, k) .diff (X[m]) .simplify ()))

def codeprint_riem(Riemann, f=sys.stdout) :
for i in [0,1,2,3]:
for j in [0,1,2,3]:
for k in [0,1,2,3]:
for m in [0,1,2,3]:
print >>f, "riem[{0}][{1}1[{2}]1[{3}] = {4};".format (i, j, k,m,ccode (Riemann.uddd (i, j, k,m))

def codeprint_ricci (Ricci, f=sys.stdout):
for i in [0,1,2,3]:
for j in [0,1,2,3]:
print >>f, "ricci[{O0}][{1}] = {2}".format (i, j,ccode(Ricci.dd(i,]j)))



Chapter 2

Spacetimes

2.1 Minkowski

2.1.1 Cartesian coordinates

The Minkowski metric in Cartesian coordinates {¢,x,y,z € R} reads

ds? = —c*dt® + dx® + dy?* + d7*.

2.1.1)

All Christoffel symbols as well as the Riemann- and Ricci-tensor vanish identically. The natural local

tetrad is trivial,
1
e(t) = Ea,, e(x) = 8)(, e(y) = 3},, e(
with dual

00 =cdr, 6% =dx, oY) = dy, 0% = dz.

2.1.2 Cylindrical coordinates

The Minkowski metric in cylindrical coordinates {t € R,r € R*, ¢ € [0,27),z € R},

ds? = —c*dt® +dr* + r*d@* + dZ,

has the natural local tetrad
1
em = Ea[, e(r) = 8,, e((p> = ;8(p, e(z) = 87.

Christoffel symbols:

1
— ¢ _
Igp =1, Lo =—.
Partial derivatives
Lo, = Iy,,=-1
ror T T2 o —

Ricci rotation coefficients:

Noynp) =~ and ¥, =—.

r

19

(2.1.2)

(2.1.3)

(2.1.4)

(2.1.5)

(2.1.6)

2.1.7)

(2.1.8)
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2.1.3 Spherical coordinates

In spherical coordinates {r € R,r € R", 9 € (0,7),¢ € [0,27)}, the Minkowski metric reads

ds* = —*dt* +dr* +r* (d9* +sin” 9d¢?) . (2.1.9)
Christoffel symbols:
1
iy =— I}, = —rsin®® ry=- 2.1.10
o T, 20 rsin” 9, o= ( a)
1
I}, =—sindcosd, Lo= ~ I, =cotd. (2.1.10b)
Partial derivatives
1 1
L3, = ~= Lo, = ~= Iys,=—1, (2.1.11a)
1 .
Ff%ﬁ =g I, = —sin’ ¥, Fﬁpﬁ = —cos(29), (2.1.11b)
0p.9 = —sin(29). (2.1.11¢)
Local tetrad:
18 P 18 1
€ =0  €n=0n €)= _0dp, g = _o—o0p. (2.1.12)
Ricci rotation coefficients:
1 cot
Yo )(0) =No))ie) = 5> Ne)@)e) = —, (21.13)
The contractions of the Ricci rotation coefficients read
2 cot )
’}/(r) = -, ’}’(,}) = . (2114)

r r

2.14 Conform-compactified coordinates

The Minkowski metric in conform-compactified coordinates {y € [—x,7|,& € (0,7),0 € (0,7),¢ € [0,27)}
reads[HE99]

ds® = —dy* +dE? +sin* € (d9? +sin’ 9d¢?) . (2.1.15)

This form follows from the spherical Minkowski metric (2.1.9) by means of the coordinate transforma-
tion

ct—&—r:tanw—;g, ct—r:tanwgg, (2.1.16)

resulting in the metric

_Ju? 2 )
I L - sin” 4 (d®* +sin® 9dg?) (2.1.17)
4cos? WTH; cos? WT{ 4cos? WT% cos? "’Tfé
and by the conformal transformation ds*> = Q2ds? with Q2 = 4cos? WT% cos? WT{
Christoffel symbols:
1%’29 =cot&, l—r‘i(fp = cot¢, Ffﬂ = —sin&cos&, (2.1.18a)

Fﬂ‘pgo = cot®, I},,'E(P = —siné cos & sin® B, I:pl?p = —sin¥ cos V. (2.1.18b)
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Partial derivatives
e, - e, -1 It . =—cos(2&) (2.1.19a)
§0.8 ™ sin? &’ Sol sin? &’ 88,8 ’ o
1 .
F‘(;D(p,ﬂ =y F(f(p’g = —cos(2&)sin ¥, F(Plzp,ﬂ = —cos(29), (2.1.19Db)
1 . .
F(f%ﬂ =-5 sin(2&)sin(29). (2.1.19¢)
Riemann-Tensor:
Regey =sin®E,  Reppp=sin*Esin®®,  Rpgop = sin® Esin® 0. (2.1.20)
Ricci-Tensor:
Ree =2, Ryp=2sin’E, Ry =2sin’Esin® 9. (2.1.21)
Ricci and Kretschmann scalars:
X =6, H =12. (2.1.22)
The Weyl tensor vanishs identically.
Local tetrad:
0 0 ! o0 ! 0
ew,) = Oy, e@ = 0Og, e(ﬂ) = E O E((p) = m - (2123)
Ricci rotation coefficients:
coty
To)E)®) = No)E)o) =08 Yg)o)o) = Gz (2.1.24)
The contractions of the Ricci rotation coefficients read
cot
Riemann-Tensor with respect to local tetrad:
Re)0)@)0) = Re)0)@)9) = Ry 0)9) = 1 (2.1.26)
Ricci-Tensor with respect to local tetrad:
Rg)e) = Rwyw) = Rip)p) =2 (2.127)

2.1.5 Rotating coordinates

The transformation d¢ — d¢ + wdt brings the Minkowski metric (2.1.4) into the rotating form[Rin01]

with coordinates {r € R,r e R™,¢ € [0,27),z € R},

22
2 or 2 2 2 2
ds® = — (1 — C2 > [cdt—_Q(r)d(p] +dr°+ mdw +dz (2128)
with Q(r) = (FPw/c)/(1 — 0*r?/c?).
Metric-Tensor:
g = —?+ a)zrz, 8ip = a)rz, g =8x=1, 8op = . (2.1.29)
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Christoffel symbols:

I =—o L?= % Lh=—or, L§= % I,=—r (2.1.30)
Partial derivatives

== Lh=-3, Dp,=-0, [§— —:—2, =1, (2131)

The local tetrad of the comoving observer is
1 ) 1
ey =—dh——dp, €=, g =-dp €=, (2.1.32)

whereas the static observer has the local tetrad
1
e = ———— 3, ey =0, €. =0, 2.1.33a
O a0 @) = % (2.1.332)
€/g) = or o VI—or/e, (2.1.33b)
2 2\/1—wr?/c? ' r e o

2.1.6 Rindler coordinates

The worldline of an observer in the Minkowski spacetime who moves with constant proper acceleration
o along the x direction reads

2 at’ c? ot

x= —cosh—, ct = —sinh — (2.1.34)
o ¢ a c

where 1’ is the observer’s proper time. The observer starts at x = 1 with zero velocity.
However, such an observer could also be described with Rindler coordinates. With the coordinate trans-
formation

1 1
(ct,x)— (1,p): ct = 0 sinht, x= 0 cosh, (2.1.35)

where p = o¢/c?, the Rindler metric reads

1 1
ds* = ——dv* + —dp* +dy* +dz*. (2.1.36)
P p
Christoffel symbols:
i = g = R 2.1.37
7= —P, ‘L‘p__Ev pp__E' ( 3)
Partial derivatives
1 2
rh,=-1, o = 2 ey = o (2.1.38)
The Riemann and Ricci tensors as well as the Ricci and Kretschmann scalar vanish identically.
Local tetrad:
€)= p&T, €p) = pzap, €y = 8},, € = 81. (2.1.39)

Ricci rotation coefficients:

Yoy =P, and - Yp) = —p. (2.1.40)
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2.2 Schwarzschild spacetime

2.2.1 Schwarzschild coordinates

In Schwarzschild coordinates {t € R,r € R", 9 € (0,7), ¢ € [0,27)}, the Schwarzschild metric reads

1
ds* = — (1 - 5) Ad? + 7/dr2 + 1% (d9* +sin? 9d¢?) (2.2.1)
r

1—rg/r

where ry =2GM/ 2 is the Schwarzschild radius, G is Newton’s constant, ¢ is the speed of light, and M is
the mass of the black hole. The critical point r = 0 is a real curvature singularity while the event horizon,
r =ry, is only a coordinate singularity, see e.g. the Kretschmann scalar.

Christoffel symbols:
2
cors(r—rs) rg Ty
= % i=— I'=———"— 222
1t 2}"3 ) tr 21"(}" _ rs) ) rr Zr(r _ rs) I ( a)
1 1 ,
113=;, 1—}32;, Igy=—(r—ry), (2.2.2b)
I, = cotd, Iy, =—(r—r)sin®®, Iy =—sindcosd. (2.2.20)
Partial derivatives
(2r —3ry)c?ry (2r—rg)rs (2r—ry)rs
= ) P L EAL I =—— 2.2.
fmr 2 ’ trr 2r2(r—ry)?’ 2P (r—rg)?’ (2:2.:32)
1 1
ry, = Ex Lo, — Iys,=—1, (2.2.3b)
1 ) )
ng(p’ﬂ =" alg Igp,=—sin" ¥, I 5 = —c0s(20), (2.2.3¢)
vp.0 = —(r—ry)sin(20). (2.2.3d)
Riemann-Tensor:
2 2 2 )
ceryg Lo (r—rg)rs Lc*(r—rg)rgsin” ®
Riper = —77 Ripry = 5r72&7 Rr(pt(p = 5 2 ) (2-2-4a)
1 r 1 rysin® ® =
Rr19”9 = —5 r_SrS, rore = 5 sr_ " s R19¢19¢ = I'rg SIN . (224b)

As aspected, the Ricci tensor as well as the Ricci scalar vanish identically because the Schwarzschild
spacetime is a vacuum solution of the field equations. Hence, the Weyl tensor is identical to the Riemann
tensor. The Kretschmann scalar reads

2

A =125, (2.2.5)
r
Here, it becomes clear that at r = r, there is no real singularity.
Local tetrad:
1 T 1 1
e(,) = ﬁ&h e(r> = 1 - 78,, e(ﬁ) == ;319, e((p> = rsinﬂ&q’. (226)
Dual tetrad:
00 =c /1-2ar, o0 = L, 0% =rdo, 09 =rsinddo. 2.2.7)
Vo N

Ricci rotation coefficients:

Ty 1 Ty _ cott

M000 = 50 Fr=pgy MO0 = Nole) =, L= Yoo = —, (22.8)
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The contractions of the Ricci rotation coefficients read

4r —3r; __cott

P _ v 229
UG 2r2\/1—7rs/r ") r ( )
Structure coefficients:
0 _ Is @ _ (@ __ L/ (p) _ cotv
NOIGE 212./1 —rS/r’ ) = e = ’ 1 P Co)p) = P (2.2.10)
Riemann-Tensor with respect to local tetrad:
rS
Riyinmm = —Rw)o))9) =~ 3> (22.11a)
Is
Riyw)i0) =Roernie) = —Rino))0) = ~Rie)ne) = 5,3 (2.2.11b)
The covariant derivatives of the Riemann tensor read
3r
Ry )1 = ~R@)(@)0)(9):) = 5 VI{r=r15), (22.12a)
Rty (n):(9) = Ry (e):9) = Ro@)0)@):() = Riy(e)0)(0):0) =
3r
=Ry ®)(010) = —5,5 V11 =13, (2.2.12b)
37
Rin0)()0):1) = R0)9)(0):(0) = R)(@)()(0):r) = 5,5 V(7 =7s)- (22.12¢)
Newman-Penrose tetrad:
1 1 1
I=—(ey+e,), n=—(e,—e,), m= —— (e +ie . 2213
NASCREG) 7 (e <) 7 (60 T ie) (22.13)

Non-vanishing spin coefficients:

1 s Ts cot
—p=— 1D yme= DB g p= 0T 2214
ks \V2r r 4 42r2\/1—rs/r p 24/2r ( )

Embedding:
The embedding function reads

o = (2.2.15)

Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the © = /2 hyperplane yields

1, 1 k2 1 re\ (2
51"2 + Vet = 5077 Vett = 5 (1 — f) <}’2 - KCZ) (2216)

with the constants of motion k = (1 —ry/r)c?i, h = r*¢, and K as in Eq. (1.8.2). For timelike geodesics, the
effective potential has the extremal points

_ h*£h\/h?* =3c*r?
B c2ry

re : (2.2.17)
where ry is a maximum and r_ is a minimum. The innermost timelike circular geodesic follows from
h* = 3¢*r} and reads rig = 3r,. Null geodesics, however, have only a maximum at rp, = 3r,. The
corresponding circular orbit is called photon orbit.

Further reading:
Schwarzschild[Sch16, Sch03], MTW[MTW?73], Rindler[Rin01], Wald[Wal84], Chandrasekhar[Cha06],
Miiller[Miil08b, Miil09].
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2.2.2 Schwarzschild in pseudo-Cartesian coordinates

The Schwarzschild spacetime in pseudo-Cartesian coordinates (,x,y,z) reads

2 2 2 2
r X dx d
ds* =— (l—i) Adr* + 42 ) T (P ) T
r 1—ry/r r L—=ry/r r
AN, (2.2.18)
Y (T T+zis(xydxdy+xzdxdz+y2dydz)a
l—ry/r) r ra(r—rs)

where > = x> +y? +z2. For a natural local tetrad that is adapted to the x-axis, we make the following
ansatz:

1

e = ———0,, ey =Ad, e = Bd,+Ca,, ey = Do+ Ed,+ Fo,. 2.2.19
(0) ST (1) N @) ¢ y (3) e y ;2 ( )
— 1
A1 B— Exy L = (2.2.20a)
xx 8xxy/ _gyzcy/gxx + 8y A/ _g,%y/gxx + &y
8xy8yz — 8xz8yy 8xz8xy — 8xx8yz \/N
D==————""" E==———""" F=——, 2.2.20b
VNW VNW VW ( )
with

N = gue8yy — 8oy (2.2.21a)
W= 8xx8yy8zz — gjzczgyy + 2gngxygyz - g)zcygzz - gxxgig- (2'2'21b)

2.2.3 Isotropic coordinates
Spherical isotropic coordinates

The Schwarzschild metric (2.2.1) in spherical isotropic coordinates (¢, p, 9, ¢) reads

ds* = — <1 =P/ p>2c2dt2 + (1 + ”“‘)4 [dp* + p* (dO* +sin® 9d¢?)] (2.2.22)
L+ps/p P ’
where
s\’ 1
r=p <1+p> or  p=7 <2r—rsi2 r(r—rs)) (2.2.23)

is the coordinate transformation between the Schwarzschild radial coordinate r and the isotropic radial
coordinate p, see e.g. MTW[MTW?73] page 840. The event horizon is given by p; = r;/4. The photon
orbit and the innermost timelike circular geodesic read

Ppo = (2+ \@) pyand  pieg = (5 n 2\/6) Ds. (2.2.24)
Christoffel symbols:
2(p — ps)p*psc? 2ps 2ps
p_ = , rh =P (2.2.25a)
4 (p+ps) P p2—p? PP (p+ps)p

P —Ps P —Ps P —Ps
re— PP = PP P = _pf—F (2.2.25b)

PP (p+p)p Pe (p+ps)p 00 = P pp,

J— 1 2

Ff(p = cot®, F(pp(p = fw, F(PIZ, = —sin®d cos ¥. (2.2.25¢)

P +ps
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Riemann-Tensor:

(P — ps)?psc?

(p — py)*ppsc?

Ripip = — (p+p)ip Ripip =2 TET
(p = ps)2pc?pysin® B (p+ps)2Ps
Riowo =2 g+ Reopo =72
(p + ps)?pssin® & 4(p + ps)?pssin® &
Rpppe = —2 P , Rogoe = 5 .

The Ricci tensor and the Ricci scalar vanish identically.

Kretschmann scalar:

2

2

.
H =192 s
pS(1+py/p)? r(p)

Local tetrad:

— 1205

—Ps)

14-ps/p 9, 1
&) =T €)= %,
ps/p ¢ [1+ps/pP]
1 1
ep)= ————5, €)= —— 0y
T b1+ pi/p) O b1+ py/p)sin’ 0
Ricci rotation coefficients:
_ 2p,p> _ p(p
o060 = o p B p—py) (@RI = Ne)e)e) = (5353
p cot
Yo))(9) = (p+ps)?

The contractions of the Ricci rotation coefficients read

_ 2p(p*—pps+p7) _ pcotd

Yp) =

(P+ps)3(p—

() =

ps) (p+ps)?

Riemann-Tensor with respect to local tetrad:

Further reading:
Buchdahl[Buc85].

Cartesian isotropic coordinates

The Schwarzschild metric (2.2.1) in Cartesian isotropic coordinates (¢,x,y,z) reads,

ds* =

3 <l—ps/p
1+ps/p

2 P 4
> czdtz-i-(l-i-l)s) [dx® +dy* +dZ?]

where p? = x> +y*> + 72 and, as before,

(2.2.26a)

(2.2.26b)

(2.2.26¢)

(2.2.27)

(2.2.28a)

(2.2.28b)

(2.2.29a)

(2.2.29b)

(2.2.30)

(2.2.31a)

(2.2.31b)

(2.2.32)

(2.2.33)
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Christoffel symbols:
I = 2¢%p°ps (p —7ps)x7 - 2¢2p3ps (p —7ps)y7 - 2¢%ppy (p - Pz (2.2.34a)
(p+ps) (p+ps) (p+ps)
e I ey o et 22340
L=Q=li=-Li=-T=—0 (2234
R=-Ti=-R=-L=Iz= 22 (2:234)
Li=-Gi=Lj=—R=—Ti= B 22340)

“p3l+p/p

2.24 Eddington-Finkelstein

The transformation of the Schwarzschild metric (2.2.1) from the usual Schwarzschild time coordinate ¢
to the advanced null coordinate v with

cv=ct+r+rn(r—ry) (2.2.35)

leads to the ingoing Eddington-Finkelstein[Edd24, Fin58] metric with coordinates (v,r, 9%, ¢),

ds? = — (1 - i) AV +2cdvdr+ 1 (d0? +sin? 9d¢?) (2.2.36)
r

Metric-Tensor:

gvv:_c2 (1_E> 5 8vr = C, 890 :7‘2, g¢¢:r25in219. (2237)
r
Christoffel symbols:
2
cr. cors(r—rs) cr. 1
I = 72r;’ I = S2r3 s I = _72r;’ s = - (2.2.38a)
] 1 v r r ¢
Eg’):;’ Fﬁﬂ:_g’ 11919:—(1"—}"3), Fﬁ(P:COtﬁ, (2.2.38b)
rsin® ) 9 .
I, = e Ipp=—(r—ry)sin” ¥, Iy, = —sindcosd. (2.2.38¢)

Partial derivatives

. cr. , (2r —3ry)c?r. . cr
I_;'v,r = _T;a wr _ﬁa I_;/r,r = T;v (22393)
1 1 1
¥ [ v _
Ly,= 2 Lo,= 2 Iy, = - (2.2.39b)
1 sin? ¥
Iy . =—1, ry =—— Iy, =— , 2.2.39¢
OBr b0 sin 9’ PO c ( )
v rsin(29) P . 8
=——" I =- ¥ =— 20 2.2.39d
oloRey c ) oQ,r s l} 00,5 COS( ), ( )
0p9 = —(r—ry)sin(28). (2.2.3%)
Riemann-Tensor:
2 2
ceryg cors(r—rs) cry
Rypvr = }’T’ va?vﬁ = Ta Rvﬂrﬂ = _Zv (22403)
ry(r—ry)sin® ® crysin? ¥

c 2
qu)vgu = T, RV‘P’#’ = —T7 R19(P19(P = TIrgSIN 3. (2.2.40b)



28 CHAPTER 2. SPACETIMES

While the Ricci tensor and the Ricci scalar vanish identically, the Kretschmann scalar is %" = 1272 /5.
Static local tetrad:

1 1 T 1 1
e = ———20,, epy=———0,+1/1——0,, ey =-0ds, €y =——0. 2.2.41
) e/ 1—ror () e/ 1—ro)r - (8) = % @)~ Fsing ¢ ( )
Dual tetrad:
o) =¢ I—EdV—L, (M:L, 0P =rdv, 609 =rsinvde. (2.2.42)
r VI91=rg/r 1—rg/r

Ricci rotation coefficients:

S E— - _Lhen _ coto (2.2.43)
Tw0 =52 A7y 10 = Heone = 7 F o Newe) = — -

The contractions of the Ricci rotation coefficients read

4r —3r; __cotd

. 7 _ 2.2.44
(i ey 224
Riemann-Tensor with respect to local tetrad:
s
Ru)(nm)n) = ~Ro)e))9) = ~ 3 (22.452)
s

Rw@me) =Ru@mie) = —Rio)ne) = —Ree)oe = 5,3 (2.2.45b)
2.2.5 Kruskal-Szekeres
The Schwarzschild metric in Kruskal-Szekeres[Kru60, Wal84] coordinates (7, X, %, @) reads

) 4r ; —r/r 2 2 2102
ds® = o7/ (—dT? +dX?) + rPdQ?, (2.2.46)
r
where r € R, \ {0} is given by means of the LambertW-function 7,
2_ 12
<r—1>er/“=X2—T2 or r=rs [7/ <X T )—i—l]. (2.2.47)
Ts e

The derivatives of the radial function r with respect to T and X read

ar 2r(1—ry/r)T 2Tr? ) or  2r(1—ry/r)X  2Xr? _ /

Z = S oIS — = = ST, 2.2.48

T X212 T S e r e (2.2.48)
The Schwarzschild coordinate time ¢ in terms of the Kruskal coordinates T and X reads

t= 2rsarctanh)z(7 r>ry, (2.2.49a)

X
t= 2r5arctanh?, r<rs, (2.2.49b)
= oo, r=rs. (2.2.49C)

The transformations between Kruskal- and Schwarzschild coordinates read

1 't
X=/1-2e/sinh = 7= [1-Le/Ccosh—)  0<r<r, (2.2.50a)
Is 2ry s 2rs
1
X=/L —170% cosh C—t, 7= )1 —1e/Cn) sinhc—, r>rg. (2.2.50Db)
rs 2ry Is 2r
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Christoffel symbols:
Tri(r+ry) _
B P %3 rirs, (2.2.51a)
X
I =Iiy =Igx = —weﬂ/“, (2.2.51b)
22T ., 2r2X

Iy =Ty=-"3¢"" iy =Ly == (22510)

r r
Ifo=—=—T Ify=—-—X 2.2.51d

v 273 ) 50 27’3 s ( )
A X __Vye2
Lo = fz—rsTsm 0, Iop = fz—rsX sin” ¥, (2.2.51¢)
Iy =cot®, I}, = —sindcos V. (2.2.51f)
Riemann-Tensor:
7 2 4
Rrxrx = *16%—@_%/"‘» Rrory = %e—r/rs’ (2.2.52a)
r r

2r 214
Rrgro = 3¢/ sin ®, Ryoxs = — e, (2.2.52b)

r r

2 4
Rxoxep = —%eﬂm Sin ¥, Rypoe = rrysin® 0. (2.2.52¢)
I

The Ricci-Tensor as well as the Ricci-scalar vanish identically.

Kretschmann scalar:

12r7
A= (2.2.53)
r
Local tetrad:
\/; r/(2rs \/’7 r/(2rg 1 1

em = 72’%%@ /( )87, e(x) = ZFS\/EE /( )8;(, e(ﬂ) = ;8ﬂ, e((p) = I’Sil‘lﬁa(p (2254)

Riemann-Tensor with respect to local tetrad:
Ts
Ry = Roo)00(9) = Rixye)x0(0) = —Ro)0)(0)(9) = ~ 73 (2:2.552)
I's

Ry ) = Riryo)r)9) = 5,3 (2:2.55b)
2.2.6 Tortoise coordinates
The Schwarzschild metric represented by tortoise coordinates (z,p, ¥, ¢) reads

ds? = — <1 - r) Adi* + <1 b >dp2+r p)? (d0? +sin? 9d¢?) (2.2.56)
) o) N )

where r; =2GM/ 2 is the Schwarzschild radius, G is Newton’s constant, ¢ is the speed of light, and M
is the mass of the black hole. The tortoise radial coordinate p and the Schwarzschild radial coordinate r
are related by

p:r—f—rsln(:—l) or r:rs{l—i—W[exp(f—l)]}. (2.2.57)
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Christoffel symbols:
2
P _ C7Ty r_ Ts P _ Ts 2.2
Et zr(p)Z’ Ep 2r(p)27 I_bp Zr(p)zv ( . 583)
1 1 1 1
v _ _ 1 o _ _ ) ol 2.2.58b
po r(p) ”s’ 1) r(p) ”s7 59 r(p), ( )
r? =cotd, Ity = —r(p)sin® 0, 2 = —sindcosv. (2.2.58¢)
B¢ 00 00
Riemann-Tensor:
c2rs I 2 C2 Iy I
_ _ = (1= 2.2.59
R == (o) (1 r<p>> ’ Riow =3 (1 r<p>) p)’ (22:59)
czsin219< ¥ > rs 1 ( T ) Ts
R = 1— , R =——(1- (2.2.59b)
T rp)) rlp) PP 2\ Hp) ) rlp)
)
sin” ¥ Ts Is .
Rpppe = — 5 <1 — r(p)> )’ Rygoe =r(P)rs sin’ 9. (2.2.59¢)

The Ricci tensor as well as the Ricci scalar vanish identically because the Schwarzschild spacetime is a
vacuum solution of the field equations. Hence, the Weyl tensor is identical to the Riemann tensor. The
Kretschmann scalar reads

r2

H = S, 2.2.60
ey (2260

Local tetrad:

=3, (226])

1 1
:78, e :78 5 e :78 5 € A
O Si=rire) T P T i) O T )™ @ T p)sing

Dual tetrad:

D= f1- (’;)dr, 9P — /1—%@7 0% = r(p)dv, 69 =r(p)sindde. (2.2.62)
r r

Riemann-Tensor with respect to local tetrad:

Iy
Riy(o))(p) = —R(o)(9)(0)(9) = P (2.2.63a)
Iy
Rowww =Rowne) = ~Rexere) = ~Rexeeie) = 2.0y (2.2.63b)

Further reading:
MTW[MTW?73]

2.2.7 Painlevé-Gullstrand

The Schwarzschild metric expressed in Painlevé-Gullstrand coordinates|f MP01] reads

2
ds? = —c2dT* + (dr+ \ /r‘ch) + 72 (d0? +sin® 9dg?) (2.2.64)
r

where the new time coordinate T follows from the Schwarzschild time ¢ in the following way:

cTct+2rS(\/7 4 -In ‘FV:;:HD (2.2.65)



2.2. SCHWARZSCHILD SPACETIME

31

Metric-Tensor:

s [Ts .
gTT:*CZ (1*7‘), 8Tr =C 7‘7 gr=1, g1919:’27 g(P(P:r2S1n2‘0'

Christoffel symbols:

T Cry Fg I—vr - c r\(r rS) FT — Ts

=\ T e TX

o en [ r_no [T ro T

Tr w2\ 7 202\ ry ” 2r2’

1 1 d

O _ g . :

5= lo = iy

r ¢ T T sin?
Iyy=—(r—ry), Iy = cotd, Lop=—=y/sin" 9,

c\ r
Iyo=—(r—ry)sin®®, I =—sindcosd.
Riemann-Tensor:
R _ c2rg R N Czrs(r_rs) R rs |Ts
TrTr — r3 bl TOTY — 2r2 bl T19r19 - 2r r I
2 in2
c?ry(r—ry)sin® ¥ crs s Fs
RT¢T¢:T7 RT(Pr‘P__g " sin’ 0, R”S”’__E’
.2
resin” ¥ .2
Rypro = — oy Rygoe = rrssin 0.

The Ricci tensor and the Ricci scalar vanish identically.
Kretschmann scalar:

H =122 /15,

For the Painlevé-Gullstrand coordinates, we can define two natural local tetrads.
Static local tetrad:

. 1 TS _l 1
&r) = 7C\/1_7rs/rar, €y = ﬁr?r—ky/ O, =9, &g = =50,

Dual tetrad:
0 — e J1—Tgr—— 97 g 9" g _ryy, 00 = rsindde
r Vr/rs—1 01=rg/r

Freely falling local tetrad:

| 1
er) 8T—\[8, €= @ =7 ) = g

Dual tetrad:

07 =car, 09 =c,/Zar+ar, 0® =rdv, 09 =rsindde.
r

Riemann-Tensor with respect to local tetrad:

(2.2.66)

(2.2.67a)

(2.2.67b)

(2.2.67¢)

(2.2.67d)

(2.2.67¢)

(2.2.68a)

(2.2.68b)

(2.2.68¢)

(2.2.69)

(2.2.70)

(2.2.71)

(2.2.72)

(2.2.73)

(2.2.74a)

(2.2.74b)
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2.2.8 Israel coordinates

The Schwarzschild metric in Israel coordinates (x,y, ¥, ¢) reads[SKM™03]

ds* = r? {4dx <dy—|—

2

d
L;y) + (14 xy)? (40> +sin® 9do?) | ,

where the coordinates x and y follow from the Schwarzschild coordinates via

t=rs <1+xy+lnX)
X

Christoffel symbols:
v Y2+ v Y B+ v Y2+xy)
Fxxff 2 1—)‘6)67 3 1—);)7*727
(1+xy) (14xy) (1+xy)
y y » X
re— )l e = ,
W L 4xy’ T L4y’ Y L 4 xy
o X X y Y
Ec(p— T+x 1;619—_5(1“")0’)7 Fﬂﬂ__i(
X . ) y
Fﬂ(p(pfcotﬁ, E;‘¢:f§(l+xy)s1n219, Igp=—=(
19 _ .
Iy = —sindcos .
Riemann-Tensor:
2 2.2
r yor
R 7:—448 5 Rxx =-2 . ) RX o =
XYXy (1+xy)3 vxd (1+xy)2 vy
R B 2r3y2 sin® 1 B 12 sin” ¢
XPxp — (1 —|—xy)2 ) XQyp — 1+xy

and r=rs(1+xy).

—3 1 — xy)sin® 9,

, Rygue = (1 +xy)r3 sin® ¥.

l—xy),

Cl+axy]

(2.2.75)

(2.2.76)

(2.2.77a)
(2.2.77b)
(2.2.77¢)

(2.2.77d)
(2.2.77¢)

(2.2.78a)

(2.2.78b)

The Ricci tensor as well as the Ricci scalar vanish identically. Hence, the Weyl tensor is identical to the
Riemann tensor. The Kretschmann scalar reads

12
H =
r(1+xy)®
Local tetrad:
V1+xy y V1+xy
e(()) = — 8x 8},, e(l) = 7(9)”
2rgy rg/ 1+ xy 2rgy
en = ! e = ;8
(2) = rs(1+xy) 0> 3) = rs(l+xy)sin19 -
Dual tetrad:

o) _ 2rgy dx+rs\/1—|—xy
y

NiE=s
0%) = r(1+xy)sind de.

dy,

(2.2.79)

(2.2.80a)

(2.2.80b)

(2.2.81a)

(2.2.81b)
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2.3 Alcubierre Warp

The Warp metric given by Miguel Alcubierre[Alc94] reads

ds* = —2di® + (dx — vy f(ry)dt)* + dy* + dz° (2.3.1)
where
vy = dxc‘;t(t), (2.3.2a)
rs(1) = \/ (x=2x5(1))2 +y2 + 22, (2.3.2b)
Flry) = 2ab(o s +212131; (?;?(G(’"s —R). (2.3.20)

The parameter R > 0 defines the radius of the warp bubble and the parameter ¢ > 0 its thickness.
Metric-Tensor:

81 = —c? +V§f(rs)27 gix = —Vs f(ry), 8 =8y =8z =1 (2.3.3)
Christoffel symbols:
v '
Li==5" Gi=—ff0? L =—ffp?, (23.4a)
3.4 2pp 2 2p 2 24,3
1—;;( — f fxvs C ];{Xvs ¢ ftv.ﬁ’ 1—;; — 7fj;‘xzvs ) 1—;;: — 7f Cf-‘;vs , (234b)
: v fzv [hvs
- fy2 s ri=1>, n=-1%, (2.3.4¢)
[ _fzfyvf + 2 fyvs = _fszg = _fzfz"&3 +fovs (2.3.4d)
ty = — 26‘2 9 tz7 — 2C2 9 tz — 2C2 ) 0.
2
I = fz;“, Ii= f];x;s , I = ];ycvzs, (2.3.4e)
fnyz t fovs fﬂvz
= ZCZY ’ Il = o = 2c25 , (2.3.4f)

with derivatives

P @3
o= ) Z O [sect? (0(r 4 R) -~ sec? (o(r - B)) (23.5b)
fy= d]:z(yrS) - ZrStagl)l)(GR) sech? (o(r-+ ) —sech” (0 (1.~ R))| (2359
| st

Riemann- and Ricci-tensor as well as Ricci- and Kretschman-scalar are shown only in the Maple work-
sheet.

Comoving local tetrad:

1
€o0) = - (0 +vsfoh), €1 = o, €)= 8_\27 €i3) = 9;. (2.3.6)
Static local tetrad:
1 vef 2 —v2f?

=——209, en= o — Ok,

€0) = aTeAt =7 R c en) = 0y,

Further reading:
Pfenning[PF97], Clark[CHL99], Van Den Broeck[Bro99]

6(3) = az. (237)
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2.4 Barriola-Vilenkin monopol

The Barriola-Vilenkin metric describes the gravitational field of a global monopole[BV89]. In spherical
coordinates (¢,r,9, @), the metric reads

ds* = —*dt* +dr* +I2r* (d9* +sin* 9 d?) (24.1)

where £ is the scaling factor responsible for the deficit/surplus angle.

Christoffel symbols:

Igs = —k*r, r,,= —k*rsin’ ¥, 1—;’3 = (2.4.2a)
1
[p=—sindcosd,  Lf=-, I, = cotd. (2.4.2b)

Partial derivatives

1 1 .
Eg,r =T I_;gqgr =" Iy, = —k27 (2.4.3a)

Ly =1 I7,,=—ksin?9, LY ,=—cos(20) (2.4.3b)
Vo9 Sil’lz 197 oQ,r — ’ 00,9 — 5 4.
pp.0 = —K’rsin(20). (2.43¢)

Riemann-Tensor:
Rypsep = (1—K*)k*r*sin® 9. (2.4.4)

Ricci tensor, Ricci and Kretschmann scalar:

2 23 win? 1—& (1-#%)?
R,},}}:(l—k ), R(p(p:(l_k )sm 197 %:2W7 %:4W (245)
Weyl-Tensor:
(1 —k? c? c? .
Cirtr = —%, Croro = g(l —kz)’ Crprp = g(l _kz) sin’ 0, (2.4.6a)
1 2 1 23 «in2 k> 23 «in2
Crory = _8(1 —k%), Crrg= _8(1 —k%)sin” ¥, Cypop = ?(1 — k%) sin” 9. (2.4.6b)
Local tetrad:
1 1 1
e<[) = E&;, e<r) = 8r, ew) = E&@, e<q,) = o Sin‘l?&(p' (2.4.7)
Dual tetrad:
0 =cdr, 6V =dr, 0P =krd®, 09 =krsindde. (2.4.8)
Ricci rotation coefficients:
1 cot ¥
)@ = Koo = 7 No@)e) = (2.49)

The contractions of the Ricci rotation coefficients read

2 cot
Y= = Yo = kr (2.4.10)




2.4. BARRIOLA-VILENKIN MONOPOL 35

Riemann-Tensor with respect to local tetrad:

Ro)@)0)9) = 7,2 (2.4.11)

Ricci-Tensor with respect to local tetrad:

1— K
Re)o) = Rip)o) = Jz,2 (2.4.12)

Weyl-Tensor with respect to local tetrad:

11—k
Comwm = —CoNwie) = ~ 32,2 (24.132)
1—k2
Coe)ne) = Cowne = ~Com e = ~Crenm = g2,z (2.4.13b)

Embedding;:
The embedding function, see Sec. 1.7, for k < 1 reads

z=V1-kr (2.4.14)

Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the ¥ = 7/2 hyperplane yields

1, 13 1 [ )
5" + Vest = 52 Vet = S\~ Kc™ |, (2.4.15)

with the constants of motion h; = ¢*f and hy = k> ¢.

The point of closest approach rpc, for a null geodesic that starts at r = r; with y = +e(;) +cos Se(,) +sine )
is given by r = r;sin&. Hence, the rpc, is independent of k. The same is also true for timelike geodesics.

Further reading:
Barriola and Vilenkin[BV89], Perlick[Per04].
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2.5 Bertotti-Kasner

The Bertotti-Kasner spacetime in spherical coordinates (z,r, ¥, ¢) reads[Rin98]

|
ds? = —2di? + eV Aag? 4 n (d? +sin® 9d@?)

where the cosmological constant A must be positive.

Christoffel symbols:

I[I=cVA, Il'= @ezﬂ“, Ip =cot®, I, =—sindcosd.
Partial derivatives

L, =242 f = —ﬁ, I} 5 = —cos(20).
Riemann-Tensor:

Riir = —ACVA Ryppp = Siri v

Ricci-Tensor:
Ri=—-A,  Ry=AV . Ryy=1,  Rpp=sin>d.
The Ricci and Kretschmann scalars read

R=4A, A =8A%

Weyl-Tensor:

2 2 2
Ctrtr = 77ACZ€2\/X“; Ctﬂtﬂ = L7 C[(p[q) = i SiIl2 19,
3 3 3
L 5, 1 o /Aet 2 2 sin? ¥
Crore = —3¢ “, Crorp = 3¢ “sin” 9, Cygop = 37A
Local tetrad:

! VA VA
€1 = Eat, € =e¢e tar, €)= \/Xals, €p) = maq,

Dual tetrad:

(9) _ sin ¢

0" = cdr, ") = e‘/XC’dr, 0% =
VA

S
|
&

dv,

£)-

Ricci rotation coefficients:
Y = VA Yw)g)e = —VAcotd.
The contractions of the Ricci rotation coefficients read

Vi) = \/X, Yo) = VA cotd.

Riemann-Tensor with respect to local tetrad:

(2.5.1)

(2.5.2)

(2.5.3)

(2.5.4)

(2.5.5)

(2.5.6)

(2.5.7a)

(2.5.7b)

(2.5.8)

(2.5.9)

(2.5.10)

(2.5.11)

(2.5.12)
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Ricci-Tensor with respect to local tetrad:
Ry = =R = ~Royo) = ~Ripyo) = =4 2.5.13)
Weyl-Tensor with respect to local tetrad:
Comnm = —Cro)o@ie) = ZTA (2.5.142)
Co) ) = Coonie = ~Cne)ne) = ~Cuiene) = % (2.5.14b)
Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the ¥ = /2 hyperplane yields
At =R VA L ARR — (2.5.15)
with the constants of motion i = 7e2VA¢ and hy = ¢/A. Thus,
A= ! 1n<1+q(t)l_q(ti)), q():wﬂ, (2.5.16)
VAJAR -k N —al) T+4() AR — K
where ¢; is the initial time. We can also solve the orbital equation:
Ve VAT L AW~k
r) =w(t)—wt)+ri,  wt)=— (2.5.17)

hvVA ’

where r; is the initial radial position.

Further reading:

Rindler[Rin98]: “Every spherically symmetric solution of the generalized vacuum field equations R;; = Agij is
either equivalent to Kottler’s generalization of Schwarzschild space or to the [...] Bertotti-Kasner space (for which

A must be necessarily be positive).”
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2.6 Bessel gravitational wave

D. Kramer introduced in [Kra99] an exact gravitational wave solution of Einstein’s vacuum field equa-
tions. According to [Ste03] we execute the substitution x — r and y — z.

2.6.1 Cylindrical coordinates

The metric of the Bessel wave in cylindrical coordinates reads

ds* =e 2V [e* (dp* —adr*) + p*de*] +e*VdZ. (2.6.1)

The functions U and K are given by

U:=CJy(p)cos(r), (2.6.2)

K:= %Czp {p[J0 (0 + 11 (0] =200 (p) 1 (p)cos? (1)} (2.6.3)
where J,, (p) are the Bessel functions of the first kind.
Christoffel symbols:

H=f=fp=-20+ 5 =Tl o=l e

R-f-ph--F+5 ph-1-% e W (eab)

Iy =pe K <pgz - 1> , Iy = ‘;lg, Il = e4U—2Kaait]. (2.6.4c)
Local tetrad:

e = VK9, €p) = eU*K8p, €p) = %eu%, e, = e Yo,. (2.6.5)
Dual tetrad:

0 =eKVar, 6P =eKVap, 09 =peVdp, 69 =c4z. (2.6.6)

2.6.2 Cartesian coordinates

In Cartesian coordinates with p = 1/x2 +y? the metric (2.6.1) reads

—2u
ds? = —e2K=U) gs2 ;Tyz { (X% +y%) dx® +2xy (e** — 1) dxdy

(2.6.7)
I (xz +e2Ky2) dyz} LU,
Local tetrad:
2 142
_ U-K v X +y
e =¢ "a, €x) =¢€ \| 22 ) O,
(2.6.8)

o fe2ky2 g2 UK (02K _ )
ey = V=K 272))8), +xy ( ) oy, e, =¢ Yo.
x+y V(2 +y?) (K22 +2)
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2.7 Cosmic string in Schwarzschild spacetime

A cosmic string in the Schwarzschild spacetime represented by Schwarzschild coordinates (¢,r, 9, 9)
reads

o

dr* +r* (do* + B*sin> 9d¢?) , (2.7.1)
1—ry/r

ds? = — (1 - 5) Adi +
r

where r; = 2GM /c? is the Schwarzschild radius, G is Newton’s constant, ¢ is the speed of light, M is the
mass of the black hole, and f is the string parameter, compare Aryal et al[AFV86].

Christoffel symbols:

2

=) T L= =50 (2.7.2a)

3=, rg=1, Ly = —(r=1), (27.2b)

I, = cotd, Iyo=—(r—r)B?sin®®, I}, =—p>sindcosd. (2.7.20)
Partial derivatives

ARG LS VI —;22(_))2 ry, = 2(22(_))2 (27.3a)

B3, == rg, =1 g, =1, (27.3b)

17;"(/,719 = fﬁ, Iyo,=—B%sin®®, I 5=—Bcos(20), (2.7.3¢)

vo.p = —(r—rg)Bsin(20). (2.7.3d)
Riemann-Tensor:

Riyr = —%, Regr = %@ Rigip = %cz (r= ”):;B ?sin” v (2.7.4a)

Rrors = —% - ir Rrgro = —;rﬁ:_st’zﬁ Rogop = rryf2sin’ 9. (2.7.4b)

The Ricci tensor as well as the Ricci scalar vanish identically. Hence, the Weyl tensor is identical to the
Riemann tensor. The Kretschmann scalar reads

2
- 12%' (2.7.5)
,
Local tetrad:
1 Is 1 1
e<[) = C\/ﬁa[, e<r> = 1 — 7(9,«, e(ﬁ) = ;819, e((p> = rﬁ S]nﬂaq) (276)
Dual tetrad:
00 —c,/1-Zar, 00 = L, 0% =rav, 09 =rBsinddo. (2.7.7)
r V 1- rS/”
Ricci rotation coefficients:
oy 1o cotd (2.7.8)

M0 = 52 A—pry 100 =Ye)oe) = 7y 17 70 Howwie) ==~
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The contractions of the Ricci rotation coefficients read

4r —3r, cot ¥
r = —, = . 2.79
Y 2r2\/1——rs/r ") r ( )
Riemann-Tensor with respect to local tetrad:
s
Riynoe = —Rw))0)9) = ~ 13- (2.7.10a)
s
Ry =Rueme) = —Rno)nw) = —Rnene = 3,3 (2.7.10b)
Embedding;:
The embedding function for 32 < 1 reads
_ _ B2 _ _R2
S A O S Gt VAR (2.7.11)

BN S e Y el

If B2 = 1, we have the embedding function of the standard Schwarzschild metric, compare Eq.(2.2.15).

Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the © = /2 hyperplane yields

1. 142 1 r n?
572+Veff: 22 Vett = D) (1_75) (rzﬁz _K62> (27.12)

with the constants of motion k = (1 — r,/r)c? and h = r>[32¢. The maxima of the effective potential Vg
lead to the same critical orbits rp, = %rs and rjicg = 31y as in the standard Schwarzschild metric.
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2.8 Einstein-Rosen wave with Weber-Wheeler-Bonnor pulse

The Einstein-Rosen wave in cylindrical coordinates (,p,¢,z) is represented by the general line ele-
ment [GM97]

ds? = 0V) (—dr? +dp?) + pPe 2Vdg? +*VdZ . (2.8.1)

To be a vacuum spacetime, the potential functions y = y(z, p) and y = y (¢, p) have to satisfy the constraint

equations
9? dy I ) VANCLAS %) Iy d
JJF 1Y _ov_ , v _ iad + A d ) lzzpl’—w. (2.8.2)
ap? dp 0d? dp ap ot ot dp ot
A Weber-Wheeler-Bonnor pulse is realized for
V(@ +p2 =22 +4a22 + a? +p2 —12
2.8.
v=va (a® + p? —12)? +4d’t? ’ (28.3a)
2 24202 — 2\ _4g2s2 2_ 2 2
y=<(1- a’p?[(a® +p? —1%) “ ] proa i (2.8.3b)
2a [(a% + p? —12)2 + 4a*?] V(@2 +p2—12)2 +4a%?
Christoffel symbols:
Fnt =YV, ’p = ap?’* ap v, 1;:) = ap?’* ap v, (2.8.4a)
LE=oy-dv. Lj=-dv, L}=9yv, (2.8.4b)
1—pdry
Ly =07=0v, Ifh=0y—dy,  Iy= — (2.8.40)
I =dv, Ly =—p’c oy, Ihy=—pe?(1-pdpy), (2.8.4d)
L=e""20y, IF=-e*"2o,y. (2.8.4e)
Local tetrad:
€ = e""”&,, €p) = e"’_yap, €)= p_le"’8¢7 € = e“"az. (285)
Dual tetrad:

0 = ¥dr, 0P =" Vdp, 09 =peV¥dg, 09 =¢¥dz (2.8.6)
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2.9 Ernst spacetime

“The Ernst metric is a static, axially symmetric, electro-vacuum solution of the Einstein-Maxwell equations with
a black hole immersed in a magnetic field.”[KV92]

In spherical coordinates (¢,r, ¢, ¢), the Ernst metric reads[Ern76] (G =c=1)

M dr? #2sin? ¥
ds* =A% |- [1- =) dr + ——— 4+ 72 do? do? 29.1
s { < r> T T tAr A 29.1)

where A = 1 + B%%sin> . Here, M is the mass of the black hole and B the magnetic field strength.

Christoffel symbols:
- (2B*r*sin® ¥ — 3MBZ3r2 sin? ® + M) (r—2M) = 2(r—2M)B%sin® cos ¥ , (2.9.23)
r°A rA
- 2B*rsin® ® — 3MB?r? sin® & M - 2B*r*sin ¥ cos ¥ 7 (2.9.2b)
r(r—2M)A A
= 2B*13sin® % — 5SMB*r? sinzﬁfM7 1_;;9 _ _2Bzrsinﬁcosz9, (2.9.20)
r(r—=2M)A (r—2M)A
2B%r?sin ¥ cos ¥ 3822 sin® 9 + 1
I = ~ 7 s = — (2.9.2d)
1 —B%*/sin® ® (3B*r*sin® 0 + 1) (r —2M)
(p p— r =
Lo = - , Iys = ) (2.9.2¢)
2B%r? sin ¥ cos B Zcos
o
Ly =—— Iy, = T (2.9.2f)
. (r—2M)EZsin’ ¢
Igo= — (2.9.2g)
s _ Esindcost
Lo =5 (2.9.2h)
with £ = 1 — B2%sin’ 9.
Riemann-Tensor:
2
Riper = = [B4r4 sin* ® (3M — r) — M 421" B*sin® ® cos® & 4 B*r? sin®> 9 (r — 2M)} , (2.9.3a)
Ry s = 2B%sin ¥ cos ¥ [(SBZr2 sin® ¥ M —-3r)+r— 2M] , (2.9.3b)
1
Riorw = — [B*r*(r — 2M) (4r — 9M) sin* © + 2EB*r (r — 2M) cos® © + M (r — 2M)] , (2.9.3¢)
1
Ripio = 3 [(2B*r* —3B*Mr?sin® © + M) E(r — 2M) sin* 9] , (2.9.3d)
_ (2B*P —3B*Mr?sin? 9+ M)E
Rrgro = = , (29.3¢)
L2
Rrprp = — #_’;M) [B** (4r — OM) sin* © + 2B (8M — 4r9) sin® © + 2EB>r cos® © + M|, (2.9.3f)
2B%r3 sin® ® cos © (332r2 sin® % — 5)
Rrpoo = — 14 : (2.9.3g)
rsin® ®

Rogog = —17— [2B*r*(r—3M)sin* ® +4B*r cos* O (1 + &) + 2B*r*sin® 9 (2M —r) +2M] . (2.9.3h)
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Ricci-Tensor:

4B%(r —2M)(r+2Msin® © 4B%[rcos? ® — (r — 2M) sin> ®
R, = =204 ) k= U2 o] (2.9.42)
r’A (r—2M)A
8B%rsin ¥ cos ¥ 4B%r [rcos? © + (r—2M) sin* ©
Rey = o HERE, Roo = 271 = L (2.9.4b)
4B%rsin® ® (r +2M sin® 19)
Rpp = G : (2.9.4¢)
Ricci and Kretschmann scalars:
R=0, (2.9.5a)
16
H =5 [338#‘ (4r* — 18Mr +21M*) sin® ©
+2B%* (3 IM?* — 37TMr — 24B*r* cos® © + 42B*Mr> cos® © + 10r* 4+ 6B* cos* 19) sin® ©
+ 2B (~3Mr+208%* cos? © + 6M? — 46B°My* cos? § — 12B% cos* 9 ) sin* 0
—6B%r° (6B*Mr> cos® O + 41> — 4B*r* cos® © + 18M* — 17Mr)
+20B*r0 cos* © + 12B2M 1 cos® © + 3M? | . (2.9.5b)
Static local tetrad:
1 v 1=2m/r 1 A
€ = 9, e = = 2m/r Jr, €y =-—0y, € =-——20p. (2.9.6)
Av/1=2m/r A Ar rsin ¢
Dual tetrad:
in %
00 A 1- 2, 00— D4 9@~ Arge, 9@ =" 40 (2.9.7)
r V1-=2m/r A
Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the ¥ = 7/2 hyperplane yields
201 _ 2 _
i‘2+h (1—=rg/r) k 1 rs/r:0 (2.9.8)

r2 A% K A2

with constants of motion k = A%(1 —ry/r)i and h = (r* /A?) .

Further reading:
Ernst[Ern76], Dhurandhar and Sharma[DS83], Karas and Vokrouhlicky[KV92], Stuchlik and Hledik[SH99].
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2.10 Extreme Reissner-Nordstrem dihole

The extreme Reissner-Nordstrem (RN) dihole metric is a special case of the Majumdar-Papapetrou
spacetimes (see 2.19.1) for N = 2. The two black holes have the masses M and M, and are located at the
positions r; = (0,0,+1)" and 7, = (0,0, —1)”. In cylindrical coordinates {t € R,p € R",¢ € [0,27),z € R},
the extreme RN dihole metric reads

c2di?

P +U(dp? +pldo* +dZ?), (2.10.1)

ds® = —

where

GM, /c? GM,/c?

. 2.10.2
MY/ ZE=E A e 2102

Ulp,2) =1

The coordinate singularities (p = 0,z = £1) are the degenerated horizons of the two extreme RN black
holes.

Derivations of U (p, z):

apU:7 GMI P 3/2 . GMZP 3/27 (21033)
A2+ =1 2lp?+ (1))

AU = — GM1~(171)3/2 B GMz.(Z+1)3/2’ (2.103b)
o2+ P24 1))
GM; - [2p*> — (z—1)?] GM,-[2p% - 1)?

U =" 20"~ (z 5/)2} 2 [2p (”5/)2}, (2.10.3¢)
Alp2+ (1) Alp2+(+1)7
M - [2(z—1)2 —p? M, - [2(z+1)> —p?

8ZZU:G 1 [ (Z ) 5[/)2} G 2 [ (Z+ ) 5’/)2}7 (2103d)
P2+ (e~ 1)7] P2 + (e 1)7]

o = —CMiplal) | 3GMy-p(zt]) (2.10.3¢)

P2+ =17 2lp?+ et 1)

The function U (p,z) fulfills the Laplace-Equation AU = %8PU +0;U + 92U = 0, which will be used in the
calculation of the following geometric quantities. (Note, that U is independent of ¢.)

Christoffel symbols:
2 2

U o, U U dpU

ttp = UF;- ) If=— UZ5 ) 1—;/[3 = _P77 FP% = 977 (2.10.4a)
o.U o 1, U p p2o,U p2o.U

K= o po =7 + = Ijp=—p— T I, = 7 (2.10.4b)
o.U p OU U o 0U

I!=— ;] , Iy, = Z] , I = NI Iy, = ;] , (2.10.4¢)
U . o.U
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Riemann-Tensor:
2

c U
Ripip = 777 [3(apU)2 —~UdU — @U)Z} . Rpup:=(9pU)? +(9.U) + Ea,,U, (2.10.5a)
U
Rigrp = — b ’1 (3pU+ QU+ EapU} . Ropge = p*(U3p0.U ~ 20,00, (2.10.5b)
2
C
Riie= 1 BQUP-URU -3V, Repe =P (Ua,,a U —20,U0. U) (2.10.5¢)
2
C
Ripiz = 17 (40pv0.0 ~ U3 0.V, Roopo = P> [ 2 U0t } (2.10.5d)
2
C
Ricci-Tensor:
¢ 1 20,Ud,U
Ri= 15 [(pU)* +(2.U)*], Rop =73 [(Q.U)* — (9pU)*]. Ry, = —%, (2.10.6a)
2
1
Rpp = % [(3pU)*+(9.U)%] Re: = 5 [(p0)* = (90)7]. (2.10.6b)
The Ricci scalar vanishes identically, also because the energy-momentum tensor of the electromagnetic
field is traceless. The Kretschmann scalar reads
H = LR {14p2(azU)4 +14p%(9pU)* —24p*Ud,UdpUdy0.U
—12p%U(3pU)*P2U +4p*(3.U)? (7((9,,U)2 - 3U<93U) (2.10.7)
+U? [pz(a,?U)z +3(0pU)* +2p3pUJRU +p* (4(9,,84])2 +3(a§U)2) } }
Weyl-Tensor:
c? 2 2 2 2, U
Coprp = Uf{z@pu) ~U3U - (UY], Corpe = (BpU)* +(2:U) + 30, (2.10.8)
U
Crprp = —— p [(ap )2+ (3.U) + Eapu] : Coope = P> (U3p2.U ~30,U0.), (2.10.8b)
2
Gtz = 7 [2 U - (3U), Copp = P> (Ua,,a U-33,U0.0), (2.10.8¢)
2
C
Cipre = 773 (38,,U& U-Ud0.0), Coopo =P |(pU UP+U |, (2.10.8d)
2
C
Cito = 13 (30v0.0 ~ U3V, Couge =P |(QU pU+URU). (2.10.8¢)

Local tetrad:

e<,) = ?(9;, e(p> = Eap, e((m = piU&(w e(z) = 582 (2109)
Dual tetrad:
o) — 5dt, 0P —udp, 09 =pudp, 09 =Ud:. (2.10.10)

To@o =Ne)@e) =Ne)@e) = gz Heee) = 55+ (2.10.11a)
Yoo =Nae) = 7z - (2.10.11b)
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The contractions of the Ricci rotation coefficients read

QU _oU

Wor=p2 W=7 (2.10.12)
Riemann-Tensor with respect to local tetrad:
Riyp)(1)(p) = %Y UUi’gU ~(our ; Rip))(p) () = @O+ (a;](:)z ’ %a,,U7 (2.10.13a)
Ri@)e)(9) = — GO (a;i/)z i %ava Royioone = 2%V ;42 Pl (2.10.13b)
R0 = SEU) - U,?ZZU ~ @) L. aZU,}Z&”UaZU : (2.10.13¢)
Riyp)ne) = 4apUaZUUZ U8p8ZU7 R(p)(9)(p)(9) = (8pU)2 - (%(4])2 i UaZZU, (2.10.13d)
Riy@n)p) = 4apUazUUz Yool ; Rip)a)(0)0) = oo (8{}?)2 TU%Y : (2.10.13e)
Ricci-Tensor with respect to local tetrad:
(00 = W]ﬂy Rip)p) = w, Rip)o) = _2%{}#’ (2.10.14a)
Rg)(9) = (8,,(])2[];4(8111)27 R = @’U)ZU;L‘@UV- (2.10.14b)
Weyl-Tensor with respect to local tetrad:
Coe)np) = 2%U) UUaf v-our ; Co)p)e) = GOy (%14])2 oY ; (2.10.15a)
Conp)n o) =~ i (%](4])2 : %apU, Clo)(9)(9)(e) = Yporl ;3 pUol (2.10.15b)
Co@ne = 220y - U,(J)ZZU S Clorerpiie = %Y ;43 PUol (2.10.15¢)
Coyp)r)(e) = 3apUaZUU_4 Yool Clo)o)p)l9) = GpU) - 2(5;? FHURU, (2.10.15d)
Coroono) = 38PU8ZUU—4 Uapazu’ Coroton — (0.U)? _2((3;,:])2+U83U' (21015¢)
Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, yields
%pz + %zz +Vert(p,2) = %c; Verr(p,2) = % (pf;zﬂ - ';Cj) (2.10.16)

with constants of motion k = ¢?//U? and L, = p?U?¢. The quantity L, is the angular momentum of a test
particle with respect to the z-axis and k can be considered as a parameter for its energy. Itis k = —1,0 for
timelike or lightlike geodesics.

Further reading:
Chandrasekhar[Cha89, Cha06], Hartle[HH72], Yurtsever[ Yur95], Wiinsch[ WMW13],
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211 Friedman-Robertson-Walker

The Friedman-Robertson-Walker metric describes a general homogeneous and isotropic universe. In a
general form it reads:

ds* = —c*dt* + R*do? (2.11.1)

with R = R(t) being an arbitrary function of time only and do? being a metric of a 3-space of constant
curvature for which three explicit forms will be described here.
In all formulas in this section a dot denotes differentiation with respect to ¢, e.g. R = dR(t)/dt.

2111 Form1

d 2
ds* = —c*dr* +R2{ 1 7}”72 +n* (d®* +sin® ﬂd(pz)} (2.11.2)
Christoffel symbols:
R R R
Iy = 2 Ly = 2 Lo = = (2.11.3a)
RR kn 1
= L= Y=— 2.11.3b
nn c2(1_kn2)’ nn 1 an’ no na ( )
1 R1’R
Tijo = - Lo ==5 Iy = (kn*—1)m, (2.11.3¢)
Rn?sin’ OR ,
[y = cotd, oo = 2 T = (kn* — 1)1 sin® B, (2.11.3d)
19 _ .
Iyp = —sindcos V. (2.11.3e)
Riemann-Tensor:
RR 5 s
Riqm = =1’ Ris19 = —RN°R, (2.11.4a)
) R2n2 (R +ke2)
2.2
Rl(pzq) = _Rn sin 6R7 Rr[ﬁnﬁ - _m’ (2114b)
R*n?%sin’ ¥ (R2 + kcz) R2n*sin® ¥ (R2 + kcz)
Rngne = — 20— 1) , Rogoe = 2 : (2.11.4¢)
Ricci-Tensor:
R RR+2(R* + kc?)
Ry = 73?’ Ryn = A(1—kn?) (2.11.52)
RR +2(R* + kc? RR +2(R* + kc?
RM:%M’ R¢¢:nzsin2ﬂw. (2.11.5b)
c c
The Ricci scalar and Kretschmann scalar read:
RR +R? + kc? R?R? + R* + 2R?*kc? 4 k> c*

Local tetrad:

_ 2
VIiZknT, _15 e L 5 2.117)

1
=%  em=
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Ricci rotation coefficients:

R V1 —kn?
T om =M@ = Hone) s Yom® = No)me) = gy~
(2.11.8)
cott}
Ho)®)(0) =
The contractions of the Ricci rotation coefficients read
_ 3R ~ 2y/1—kn? _ cot® (2119)
Yo = Rc’ Yo = Rn ’ Yw) = Rn : e
Riemann-Tensor with respect to local tetrad:
P
Riymywym) =Ruyo)oe) =Rue)ne) = gz (211.102)
R? + kc?
Ray@)m) = Rm)o)n)9) = Ro)(0)0)9) = ~gaz (2.11.10b)
Ricci-Tensor with respect to local tetrad:
3R RR+ 2R+ 2kc?
Ron=—%a  Row)=Row) =Reyo) =gz (21111)
2.11.2 Form 2
ds? = —c*d® + R {dr* + r*(d®* +sin® 9d¢?) } (2.11.12)
- (1+5Pp v o
Christoffel symbols:
. R R R
Li=% Iy = 1 Lo = 1 (2.11.13a)
RR 2kr 4 —kr?
r'=16—-———5-, I'=——""7T+4 = ———— 2.11.13b
" Ad+krr)2 T 4+kr?’ " (44 kr?)r ( )
4 —kr? Rr2R r(kr2 —4)
o _ . =16 _ = 2.11.13
T A k) 00T P2 22 T T4 g2 ( ©
Rr?sin®> OR
9 _ _ 9 _ ;
Iy, = cotd, I, = 16m, I, = —sin®dcosd, (2.11.13d)
) 2
, _ rsin® % (kr-—4)
L=tz (2.11.13¢)
Riemann-Tensor:
RR RrPR
Rtrtr — 716m, Rtﬁtﬁ — 716m, (21114a)
Rr?sin? OR R*r? (R +kc?)
R =—16——5+ R =256—75—"——F" 2.11.14b
tQtQ (4+kr2)2 9 rord C2(4+ki’2)4 ) ( )
R22sin® O (R? + kc?) R%r4sin® O (R + kc?)
Ripro =256 , R =256 2.11.14
rere (4 +kr2)* veve c2(4+kr?)4 ( °)
Ricci-Tensor:
R RR+2(R* + kc?)
R, = —3= R,=16—5""—— "2, 2.11.1
1t 3R’ 6 cz(4+kr2)2 ( 5a)
RR4-2(R* 4 kc?) . 5 RR4-2(R? +kc?)
Ryp = l6rP——— Ropo = 1617 sin> 9 ————————~ 2.11.1
vo = 16r IR pp = 16r°-sin” ¥ 24+ 2 ( 5b)
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The Ricci scalar and Kretschmann scalar read:

% = 6%2;’“’2, =R ;fﬁzkcz +Rc (2.11.16)
Local tetrad:
Ricci rotation coefficients:

R k-1
Y00 =Ye)0 ) = Ne)ne) = 7z Y00 =Yoo =~ g (2.11.18a)

Vo) (9)(9) = W. (2.11.18b)
The contractions of the Ricci rotation coefficients read

Yoy = %’j, o) = )] _Rf‘rz, Yoy = W. (2.11.19)
Riemann-Tensor with respect to local tetrad:

Riymm =Raoyo)oe) = Rie)oe) = —% (211.20a)

Riny@)m0) =Ry o)tm)9) = Rio)(9)(0)(0) = Rz,%f (2.11.20b)
Ricci-Tensor with respect to local tetrad:

Ry = —%i’ Ry = Ri)9) = Rig)p) = %ﬁaﬂkcz- (211.21)

2.11.3 Form 3

The following forms of the metric are obtained from 2.11.2 by setting n = siny, y,sinh y for k = 1,0, —1
respectively.

Positive Curvature

ds? = —cdi* + R? {dl[/2 + sin® v (dt?z + sin® 19d(p2) } (2.11.22)
Christoffel symbols:
R R R
Fw"f =2 Ly = 7 E$ =2 (2.11.23a)
I} _ RR L% = cot L), = cot (2.11.23b)
W= yo = coty, v = coty, A1
Rsin® yR
Ly = s11;72VI7 I}, = —sinycosy, quj = cot(¥9), (2.11.23¢)
Rsin® ysin® OR
Ig, = %, I = —sinycos ysin 19,1"(/}29 = —sin¥cos V. (2.11.23d)
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Riemann-Tensor:

Riyry = —RR, Ry 919 = —Rsin® YR, (2.11.24a)
) R2sin w (B2 4+ 2
Rigrp = —Rsin® ysin® OR, Rywys = o V’g <) ) (2.11.24b)
c
RZsin® ysin® ® (R? 4 ¢2 R?sin* ysin? 9 (R? 4 ¢2
Rypyo = ( ) Rypop = 2 ( ) . (2.11.24¢)
Ricci-Tensor:
R RR+2(R* +¢?
Ru =37, Ryy = % (2.11.25a)
RR+2(R*+¢? RR+2(R*+¢?
Ryy = sin’ IIIM Ryp = sin® © sin’ V’M' (2.11.25b)
C
The Ricci scalar and Kretschmann read
RR+R*+¢c? RPR* + R* +2R*c? + ¢
Local tetrad:
1 1 1 1
E(t) = Eal, E(w) = an, = Rsiny/aﬁ’ E(P = W{% (21127)
Ricci rotation coefficients:
coty
N w) = Y9)0)0) = Ne)0)(9) = M) = Ne)wie) = g (2.11.28a)
cotf
Mo (@) ~ Reiny (2.11.28b)
The contractions of the Ricci rotation coefficients read
3R cot ¥
Y=g =2 ) = Reiny’ (2.11.29)
Riemann-Tensor with respect to local tetrad:
i
Riywow) =Ry o) =Rue)oe) = ~pa (2.11.30a)
R*+c?
Ru)w) ) =Ry wie) = Rw)o)0)0) = g2z (2.11.30b)
Ricci-Tensor with respect to local tetrad:
3R RR42(R*+¢?)
Ry =gz Rwoyo) =Ry =~z (211.31)
Vanishing Curvature
ds* = —*dr* + R* {dy* + y* (d©* +sin® 0d¢?) } (2.11.32)
Christoffel symbols:
R R
|7 o _
Ly = 7’ Iy = 7’ (2.11.33a)
RR o 1
Ty =" Lo =4 (2.11.33b)
Ry’R
Iy =22 I, = cot(), (2.11.33¢)
C
Ry?sin’> 9R 5 5 .
I, = —a ysin® ¥, Iy, = —sin®cosd. (2.11.33d)
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Riemann-Tensor:
Riyry = —RR, Risr9 = —RY?R, (2.11.34a)
. R*y’R?
Rigrp = —RY*Sin*OR,  Ryoyo = —5— (2.11.34b)
R?y? sin? OR? R2y*sin? O R?
Ryoye = "’672 Ropop = "’4672 (2.11.340)
Ricci-Tensor:
R RR+2R?
R” = —3E, RWV’ = T, (211353)
RR+2R? RR+2R?
Rop = y? 28 Ry =sint 9y in 2 (2.11.35b)
C C
The Ricci scalar and Kretschmann read
RR + R? R’R> +R*
Local tetrad:
1(9 1a 1 P 1
€)= c b Cy) = ROV €y = W 95 €p = Rysin® o (2.11.37)
Ricci rotation coefficients:
R 1
MW = Y0 = Neoe) = g T0w)®) = Nowie) = gy (211.382)
cot(¥)
The contractions of the Ricci rotation coefficients read
3R 2 cot
’}/(r) = E7 ’J/(r) = W’ ’}/(,6) = RW . (2.11.39)
Riemann-Tensor with respect to local tetrad:
i
Riyw)ow) = Ro)o0) = Roo)0) = ~poas (2.11.402)
R2
Ry 0)w19) = Rw)o)wie) = R)o)0)(0) = 22" (2.11.40b)
Ricci-Tensor with respect to local tetrad:
3R RR+2R?
Row=—%z  Rww =R =Rei0) = gz (21141)
Negative Curvature
ds* = —*di* + R* {dy?* + sinh” y (d©” + sin”> 9d¢*) } (2.11.42)
Christoffel symbols:
R R R
v _ O _ 0 _
Ly = 2 LY = 7 I = it (2.11.43a)
r, - RR I,% = coth I} = coth 2.11.43b
WV’_CT’ Wﬂ—CO ll,a IVqJ_CO Wv ( . )
Rsinh® wR .
I, = T"’ I, = —sinhycoshy, I, = cotd, (2.11.43¢)
Rsinh? ysin® 9R
I, = w, F(;‘{p = —sinhycosh ysin® ¥, F(pl?p = —sindcos V. (2.11.43d)

o9 2
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Riemann-Tensor:

Riyry = —RR, Ri9r5 = —Rsinh® yR, (2.11.44a)
. R?sinh® y (R? — 2
Rigrp = —Rsinh? ysin® OR, Rysyo = — ‘Zz( <) (2.11.44b)
R%sinh? ysin® & (R? — ¢?) R%sinh y*sin® & (R — ¢?)
Rllf(Plll(P = 2 y Rﬁ(pﬁ(p = 2 . (21144C)
Ricci-Tensor:
R RR4-2(R? —¢?
Ru =37, Ryy = % (2.11.45a)
R 2 —¢? RR+2(R*—¢?
Ry — sinh? ‘I’w7 Rpp = sin 8 sin w%c). (2.11.45b)
C
The Ricci scalar and Kretschmann read
RR+R?>—¢? R*R?> +R* —2R*¢* + ¢
B=b——s—. A =12 i . (2.11.46)
Local tetrad:
1 1 1 1
=- == =— =——0Jp. 2.11.47
0 cal’ ‘W) Raw’ >~ Rsinh waﬁ’ ¢~ Rsinh ysin % ( )
Ricci rotation coefficients:
R cothy
Ywow) = Ye)0®) = No0e) = 7z Tow®) =Nowe) = g (2.11.482)
cotO
_ . 2.11.48b
Ho)(®)X® = Reinhy ( )
The contractions of the Ricci rotation coefficients read
3R cothy cot
M=% =2 g Yo = Rsinhy (2.11.49)
Riemann-Tensor with respect to local tetrad:
i
Riywow) =Ru®n o) =Ruw)ine) = gz (2.11.502)
B2 2
Ry o)) =Rw)o)wie) =Rw)o)0)0) = a2 (211.50b)
Ricci-Tensor with respect to local tetrad:
3R RR+2(R*—c?)
Row =%z Rww =Ro)o)=Reyo) =~z (211.51)

Further reading:
Rindler[Rin01]
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2.12 Godel Universe

Godel introduced a homogeneous and rotating universe model in [G6d49]. We follow the notation of
[KWSD04]

2121 Cylindrical coordinates

The Godel metric in cylindrical coordinates is

< _drde, (2.12.1)

dr? r\2
ds’ = —-Pdt* + ———— +71* {1 — (—) ] do* +dz* —2r°
¢ V2a

1+[r/(2a)]? 2a

where 2a is the Godel radius.

Christoffel symbols:
e T B =~ o T TP 2122
E;:C—z’a [H(é)r, E;:—TZZW, (2.12.2b)
3
To = i 15 [r/1<2a)}2’ B e (21229

I, _r[1+(2a) ] {1—;(;)2] (2.12.2d)

Riemann-Tensor:

Ry = & 1 oo = " 1 (2.12.3a)
trtr — 2a2 1+ [r/(za)]2> trrgp — 2\/5(13 1+ [r/(za)]27 . Oa
c2r? 1 r? 1+3[r/(2a))?
R =—————— R = 2.
99 = 22 1 @R 70 T 22 11 1r/(2a)] (2.12.30)
Ricci-Tensor:
C2 V2C r4
Ricci and Kretschmann scalar
1 3
cosmological constant:
R
A= > (2.12.6)

Killing vectors:

An infinitesimal isometric transformation x'* = x* +€&# (x") leaves the metric unchanged, that s g},,, (x'*) =
guv(¥’?). Akilling vector field &* is solution to the killing equation &,y +&y., = 0. There exist five killing
vector fields in Godel’s spacetime:

1 —zcosq) 0
w_| 0 w__ L | a(l+[r/(2a)))sing w_1| 0
; 0| S +r/ear | <0 +2[r/(2a)]2) cosp |7 © NE (2.12.72)
0 0 0
g | ( ﬁ s1n(p )
n_ u_ —a cos @
§ a (1) ’ é I+ [r/a) | 41+ a)?)sing |’ (2.12.7b)
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An arbitrary linear combination of killing vector fields is again a killing vector field.

Local tetrad:

For the local tetrad in Godel’s spacetime an ansatz similar to the local tetrad of a rotating spacetime in
spherical coordinates (Sec. 1.4.7) can be used. After substituting & — z and swapping base vectors e ;)
and e(3) an orthonormalized and right-handed local tetrad is obtained.

€)= r (8t + Ca(p) , &)= 1+ [r/(Za)]28r, €n) = A (Aa, —‘,—Ba(p) , €3 = d;, (2.12.8a)
where
A= _ﬁ+gr2(1 —[r/(2a)]?) By e (2.12.9a)
V2a 7 V2a’ o
1 1
r= Y (2.12.9b)
Ve +Crevaja— 2 (1 [r/2a)P) rey/1+[r/(2a)P

Transformation between local direction y\") and coordinate direction y*:

W =yOr+yPara, y' =y Ji+[r/a)?, ¥y =yOT¢+yPars, y =y0. (2.12.10)

with the above abbreviations.

2.12.2 Scaled cylindrical coordinates

If we apply the simple transformation
o=9, Z=—, (2.12.11)

with rg = 2a, we find a formulation for the metric scaling with rg, which is

dR?
ds* =r% <—c2dT2 R +R*(1 —R*)D¢?* +dZ* — 2ﬁcR2de¢> . (2.12.12)
Christoffel symbols:
2R ﬁc
=" rf=——Y—_ 2.12.13
TR= 1R TR TR+ R2) ( 3)
R
R __ 2 R __
I = V2eR(1+ R?), ik =172 (2.12.13b)
V2R3 1
L=—" =—— 2.12.13
R = L1+ R R0~ RI+R?)’ ( 9
I =R(1+R*)(2R* - 1). (2.12.13d)
Riemann-Tensor:
2r%.c? 2V 2r2cR?
R =6 Rrgrre = ———5— 2.12.14
TRTR LR TRR¢ 1 rRZ ( a)
2r2R*(1 +3R?
Rroro = 2 rgR2(14R?), Rropg = —0— " 11; ) (2.12.14b)

Ricci-Tensor:

RTT = 462, RT¢ = 4\/§CR2, R¢¢ = 8R4. (21215)
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Ricci and Kretschmann scalar
4 48

% = ——2’ B = —

TG T

cosmological constant:

A=
2

Killing vectors:
The Killing vectors read
R

30 COS P

1 %(l—i-Rz)sin(p
7= (1+2R%) cos ¢ ¢
0
EH = —1§(I+R2)095(p
55 (14+2R%)sin@
0

O = O O

— 000 oo Oo~
Y
—_
+
=
NS}
9

Local tetrad:
After the transformation to scaled cylindrical coordinates, the local tetrad reads

r 1 A
= — — — 2 = —_— = —
€(0) G (8T + C&(p) 1)) G v 1+ R? 0, €0) G (A&T +B8¢) , o €3) G dz,
where
A=R {—\[ZCJr(lfRZ)C}, B=c 4+ V2R,
1 1

r= ;A= ——
\/c2+2ﬂR2c§—R2(1 —R2)(? Rev1+R?

Transformation between local direction y\") and coordinate direction y*:

WL Al e L e 2 Lo ATB g 5 1
rG G G rG rG rG
and the back transformation is given by
O B Ay ey o ey =00
r B—C{A’ VI+RY AT B—(CA’

(2.12.16)

(2.12.17)

(2.12.18a)

(2.12.18b)

(2.12.19a)

(2.12.20a)

(2.12.20b)

), (2.12.21)

(2.12.22a)
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2.13 Halilsoy standing wave

The standing wave metric by Halilsoy[Hal88] reads

ds* =V [e*K (dp? — di*) + p?de?] + % (dz+Ado)*,

where

—2CJy(p)cos(t) 2CJy(p)cos(t)

V = cosh? ae +sinh® oe ,

K= %2 [0? (Jo(p)> +71(p)*) —2pJo(p)J1 (p) cos’t] ,

A = —2Csinh(20)pJ;(p)sin(z).
with spherical Bessel functions J; » and parameters o and C.
Local tetrad:
e K -k 1 A

e(l) = L&p, 6(2) = 7&/, — 7327
VvV pVV T pVV

dual tetrad:

00 =Vvekdar, 0P =vvekdp, 0% =Vpdp, 08 =

(2.13.1)

(2.13.2a)

(2.13.2b)
(2.13.2¢)

(2.13.3)

(2.13.4)
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2.14 Janis-Newman-Winicour

The Janis-Newman-Winicour[JNW68] spacetime in spherical coordinates (z,r, 193, ¢) is represented by the

line element

ds* = —a¥c?dr* + o Vdr* + r*o T (d9? +sin® 9d@?)

(2.14.1)

where « = 1 — ry/(yr). The Schwarzschild radius r; = 2GM/c? is defined by Newton’s constant G, the
speed of light ¢, and the mass parameter M. For y = 1, we obtain the Schwarzschild metric (2.2.1).

Christoffel symbols:
e rec® [
(TR (T
o 2rr=rny+l) o 2rr—r(y+1)
ro 2yr2ar e 2yt
I"q,r(pzl"ﬁ\’ﬂ\sinzﬁ7 Fﬂ(p(P:cotﬁ,

Riemann-Tensor:

rec? 2yr—ro(y+1)] ot 2

r s

rr 21’206’

ro__
Fﬂﬂ**

2yr —ry(y+1)

)

2y

Y
FW_ sin ¥ cos V.

re? Ryr—ro(y+ 1] o? !

4yr?

Y

T [Zyzr —r(y+ 1)]

4’)/21’2067*1

)

Ty [4y2r7 rs(y+ 1)2} sin? ¢

Ripr = — ZWA ) Ripry =
rsc [2yr —rg(y+ 1)) a¥ ! sin® &
thmp = 4’}/}’2 s ryry = —
ry [27r —rs(y+1)] sin’* ©
Rroro =~ 4y2r2or-1 + Rogoe =
Weyl-Tensor:
2 y—Zﬁ 271
rsceoL rsccot'"' B
Cirtr = — ’ G = ’
trt 67/274 1oty ]2')/21’2
co rec2o ! Bsin® ¥ c _ rsB
(4040 12'}’2}’2 ’ rord 12}/2r2(x7+1 ’
Co ryB sin® B c P sin? ¢
e 1222l vOe T Tey2gr

where B = 6y°r —r(y+1)(2y+1).
Ricci-Tensor:

o BUP)
"= AR

The Ricci scalar reads

2(1-p)ar

A= 2p2r4 ’

whereas the Kretschmann scalar is given by

4y2aY

2274
H = 2‘%8 (771724 7°) +48Y' P o+ 8yrs (27" + 1) (ry, — 2yr) + 317 .
Local tetrad:
1 , a(r-1)/2
=l =0 ey ==,

(2.14.2a)

(2.14.2b)

(2.14.2¢)

(2.14.3a)

(2.14.3b)

(2.14.3¢)

(2.14.4a)

(2.14.4b)

(2.14.4¢)

(2.14.5)

(2.14.6)

(2.14.7)

(2.14.8)
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Dual tetrad:
00 — co"?dr 0 — Ar o) — " s 9@ — qu, (2.14.9)
’ at/?’ alr-1/27 7 alr-1/2- " T
Ricci rotation coefficients:
T ~2)/2 2yr=rs(Y+1) _(y-2),2
Y00 = 2207 Mo = Ao = =g — a7 (2.14.10a)
cotd (.,
Toroye) = — o V2. (2.14.10b)
The contractions of the Ricci rotation coefficients read
47/r—rs(2+}/) —1)/2 coty —1)/2
= T ar-1/ 7 Yoy = ; ar-1/2, (2.14.11)
Structure coefficients:
0 _ s o-0p ® _Jo _ 2=+l gop
on = 22% T ) T e T T (2.14.122)
cotd .,
cgg))( = _T“(Y D/, (2.14.12b)

Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the ¥ = /2 hyperplane yields the effective
potential

1 h2 7—1
veffzzay( ‘;‘2 —Kc2> (2.14.13)

with the constants of motion h = r>o." "¢ and k = a”c%. For null geodesics (k = 0) and y > 1, there is

an extremum at

o 1+2y
—ny (2.14.14)
Embedding;:
The embedding function z = z(r) for r € [rs(y+1)?/(4¥?),e0) follows from
dz s[4y —r(1+7)%
== \/ premrTR (2.14.15)

However, the analytic solution

_ Lyl 11 (1497 27y Ly+1 4y
z(r)—z.fmF1< T Ty arp e ) (2.14.16)

depends on the Appell-Fi- and the Hypergeometric-, F;-function.
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2.15 Kasner

The Kasner spacetime in Cartesian coordinates (z,x,y,z) is represented by the line elementfMTW?73,

Kas21] (¢ =1)

ds* = —dt* + "1 dx* + P2 dy? + 173122,

where p1, p2, p3 have to fulfill the two conditions
pi+pt+p3=1 and  pit+pr+p3=1.

These two conditions can also be represented by the Khalatnikov-Lifshitz parameter u with

. u _ l+u _u(l+u)
pr= I +u+u?’ pz_lerhLuz7 p3_1+u+u2'
Christoffel symbols:
P1 y P2 . P3
1—[‘));:77 I;;ZTa 1;527’
2pi 2p2 2p3
,_p1t t_p2t t_p3t
=" =7 =7

Partial derivatives

Pi P2 p3
Fx _ t 1—;1

T 20 wt T2 Wt T T2

Gi=pi2p =12 L = po(2pr =122 72 L, = pa(2ps — )72

Riemann-Tensor:

2 2 2
R _ pi(1=p)en R _ p2(1=po)t°P2 R _ p3(1—p3)t»
xtx — 1‘2 ) tyty — t2 ’ 1tz — l‘2 ’
_ pipat*hieP? _ pipat*Piehs _ papst*Pths
Riyy = 2 Rezre = o2 Ryzye = oz

The Ricci tensor as well as the Ricci scalar vanish identically. The Kretschmann scalar reads

4
A= (Pt —2pi +pi+P3 —2p3+ P + pip3+P3 — 2p3 + Py + iP5 + Pap3)
161 (1 +u)?

= Al tutad)
Local tetrad:

ey =, e =t "o, ey =t 20, e =t ..
Dual tetrad:

0 = dr, 0% = P14y, 00) =2y, 0@ = P3gy.

Ricci rotation coefficients:

_ D1 _ D D3
YO = 7 YOy (®)(®) = P Y)(o)(9) = B
The contractions of the Ricci rotation coefficients read
1
Yi) = _?

Riemann-Tensor with respect to local tetrad:
R _ pi(1—=p1) R _ pa(1=po) R p3(1—p3)
OO — 2 OO = 2 HE@OE ~ 2

pip3
Romwm == Rn@we = =7 Ry)me = 5

(2.15.1)

(2.15.2)

(2.15.3)

(2.15.4a)

(2.15.4b)

(2.15.5a)
(2.15.5b)

(2.15.6a)

(2.15.6b)

(2.15.7a)

(2.15.7b)

(2.15.8)

(2.15.9)

(2.15.10)

(2.15.11)

(2.15.12a)

(2.15.12b)
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2.16 Kastor-Traschen

The Kastor-Traschen spacetime in Cartesian coordinates (7, x,y, z) is represented by the line element[KT93]

(c=1)

ds* = —Q72d* + Q% (A + dy* + d2?), (2.16.1)

where a(r) =, Q =1+Y 21, ri = V(x—x)2+ (y—y)?+(z—2)?, and H = £+/A /3 with cosmological

ar;

constant A.

Christoffel symbols:
aIQ axQ alQ
17;:_?, F’f:_m’ FI;:_@, (2.16.2a)
a Q 8X.Q Cla[-Q + Qata
I} = _a;?, IL=— R I} = —a (2.16.2b)
(2.16.2¢)
Local tetrad:
1 1 1
e =00, ey= Eam ey) = ana e = Eaz' (2.16.3)

Dual tetrad:

0V =7 'dr,  6W=aQdx, 0Y=a0Qdy, 69 =aQd:. (2.16.4)
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217 Kerr

The Kerr spacetime, found by Roy Kerr [Ker63] in 1963, describes a rotating black hole.

2.17.1 Boyer-Lindquist coordinates

The Kerr metric in Boyer-Lindquist coordinates

) 2rsarsin® ¥ b)
as? = (1-50) - T S edidg + Sdr + £do?
n <r2+a2+rsa2rzsinzﬁ) sin® 9d >,

(2.17.1)

with Z =24+ a?cos?®, A =r2 —rgr+a?, and ry = 2GM/c2, is taken from Bardeen[BPT72]. M is the mass
and a = J/(Mc) is the angular momentum per unit mass of the black hole and scaled by the speed of

light.
The event horizon r; is defined by the outer root of A,

2
I T
=t 3o

whereas the outer boundary ry of the ergosphere follows from the outer root of X — r,r,

2
+ ZS —a?cos? ¥,

ergosphere

Figure 2.1: Ergosphere and horizon
(dashed circle) for a = 0.997.

General local tetrad:

A
€(0) =I (8t + Caq,), en) = \/;8,,

1 r 8o+ 800 8it+Cgig )
ds, ey = — o+ do |,
v S (jF VAsin® | VAsing *

where —I'2 = g, + 28 g1 + (%800,

2 2,02 2
2y rsr> 2rarsin"® & (5 5 ratrsint 9 £,
== (1 5 +7Z . r“+a +7Z -7 sin v

Non-rotating local tetrad ({ = 0):

A (1 A 1 z_1
e<o>_\/;<ca’+“’a¢>’ e(l)_\fza” €= g% e<3)_\/;sim98"”

where ® = —g1p/8¢pp = rsar/A, and A = (r2 —|—a2)2 —a?Asin® ¥ = (r2 +a2) X + rea®rsin® 9.

(2.17.2)

(2.17.3)

(2.17 4a)

(2.17.4b)

(2.17.5)

(2.17.6)
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Dual tetrad:

6 = \/ZITAcdt, o) = ,/%dr, 0% =Vzday, V) = \/gsinﬁ (dp—wd). (2.17.7)

The relation between the constants of motion E, L, Q, and u (defined in Bardeen[BPT72]) and the initial
direction v, compare Sec. (1.4.5), with respect to the LNRF reads (¢ = 1)

A ryra A
o,/ 2 g__ m_,/=
DRGES E L, v\ = ,, 2.17.8a
VA A \ 5P ( )
1 L? X L
2@ = — cos2 2(y2 _ g2 () =,/Z
v \/f\/Q cos™ [a (W2 —E%)+ sin’ 19} ’ v Asind’ (2.17.8b)

Static local tetrad ({ =0):

1 A 1
e = ———3, e =120,  em — ——0s, 2.17.9a
© cy/1—rr/X ' M xz @ vE v ( )

e = £ Bsarsin® o VI=nr/Z, (2.17.9b)
O e /T—rr/EVAL VAsing *
Christoffel symbols:
. PrA(r? —aPcos? ) c*rya’rsin® cos ®
) - 753 ’ p=——= 3 ; (2.17.10a)
o ro(r? 4+ a?)(r* — a* cos* ¥) o _ crsa(r* — a*cos® ¥) (2.17.10b)
" 2X2A ’ " 2X2A ’ o
2 .
rsa“rsindcos ¥ ® crsarcot ¥
A i 02 ) 2_ 2 2 ) 2 2\ o o5 o)
= _ cArsasin” 9(r ! a“cos )’ th _ crsar(r-+a 3)sm cos 7 (217.10d)
2X x
2ra® sin® © — ry(r? — a® cos® ) a’sin ¥ cos ¥
L= Sy A , L =— (2.17.10e)
2 .
- a“sintcos ¥ r
Dy=——7 ry= 5 (2.17.10f)
A %sin ¥ cos ¥
Iy =——=, rp, = - LRUEY (2.17.10g)
) z
cotd . ryarsin’ ® cos ¥
Fﬂ(P(p = 7 [22 + rsazrslnz 1_9] s Fé(p = Scz—z, (21710h)
o sin® ® [a? cos® O (a® — r?) — r?(a® + 31%)] (2.17.100)
o 2cX2A ’ A
o 2rZ%+ri[a*sin? Ocos? O — (£ 417 +d?)] _
e SSTA , (2.17.10j)
, _ Asin®® 2 22902 2 D
Lop= 555 [—2r2% + rya” sin® 9(r* — a”cos” 9)] (2.17.10k)
sin ¥ cos ¥ .
Lo = =55 [AZ+(* +a) rid’rsin® 9], (2.17.101)
Photon orbits:
The direct(-) and retrograd(+) photon orbits have radius
2 2
Tpo =Ts {1 +cos (3 arccos :Fr aﬂ . (2.17.11)
N
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Marginally stable timelike circular orbits
are defined via

s = > (3+ 2% V/B-2)2+Zi+22)), (2.17.12)
where
2\ 1/3 1/3 1/3
— (1 _da ) (1+2a> v (1 _ 2“) 1 , (2.17.13a)
r ry T

2
2= 12? +22. (2.17.13b)
rS

Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the © = /2 hyperplane yields

1
5;‘»2 + Ve =0 (2.17.14)

with the effective potential

1 ahk  k* kA
Veit = 55 {h2(r— rs) —|—2?rs -5 [P +a®(r+ry)] } - (2.17.15)
and the constants of motion
2
k= (1 —E)c2i+ Do, h= (r2+a2+rs“> o— 4 (2.17.16)
r r r r
Timelike circular orbits
A timelike circular geodesic, see Sec. 1.9.1, is given by
4022 2 7
s 3re4a”) £ A\/2r7rg
=" Br+d) T (2.17.17)

P2VA (=215 + ra?r?)
where the positive sign is for contrarotating and the negative sign for corotating orbits, and f; » are w.r.t.

the LNRF.

Further reading:
Boyer and Lindquist[BL67], Wilkins[Wil72], Brill[BC66].
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2.18 Kottler spacetime

The Kottler spacetime is represented in spherical coordinates (z,r, 9%, ¢) by the line element[Per04]

AZ
ds2:—<l—rs—3r>czdt2+
r

1
— AP +72d0? 2.18.1
1—ry/r—Ar2/3 rr ’ ( )

where ry, = 2GM/ c? is the Schwarzschild radius, G is Newton’s constant, ¢ is the speed of light, M is
the mass of the black hole, and A is the cosmological constant. If A > 0 the metric is also known as
Schwarzschild-deSitter metric, whereas if A < 0 it is called Schwarzschild-anti-deSitter.
For the following, we define the two abbreviations
Ar? . 2A
a=1-"2_2"" s p=l_222 (2.18.2)
r 3 r 3
The critical points of the Kottler metric follow from the roots of the cubic equation & = 0. These can be
found by means of the parameters p = —1/A and ¢ = 3r,/(2A). If A <0, we have only one real root

sinh {larsinh (3;5\/— ﬂ . (2.18.3)

ry =

2
vV—A 3

If A > 0, we have to distinguish whether D = ¢*> + p* = 912 /(4A%) — A3 is positive or negative. If D > 0,
there is no real positive root. For D < 0, the two real positive roots read

2 1 3

re = ﬁ cos [73r + 3 arccos (;\a)] (2.18.4)

Christoffel symbols:

ap B B

I'=—— II=—"— I'=—— 2.18.5

" 2r T 2ra’ " 2ra’ ( 3)

1 1

ry= - Lo= - I}y =—ar (2.18.5b)

Fﬁ(p(p = cotd, Iop= —arsin’ ¥, F(pli‘p = —sin®¥ cos V. (2.18.5¢)

Riemann-Tensor:

c (3rg+Ar? 1
Ripr = —¥7 Ripro = 70205137 (2.18.6a)
3r 2
1
Riprp = Eczaﬁ sin? U, Ry = —%, (2.18.6b)
A 3
Rroro — —D-sin?®, Rogop =71+ ) sin? 9. (2.18.6¢)
oro PvQ
200 3
Ricci-Tensor:
A
R;=—c*aA, R, = o Roo= AP, Rge = Ar’sin®®. (2.18.7)

The Ricci scalar and the Kretschmann scalar read
2 8 A2

R=4A, =122 4 (2.18.8)
r 3
Weyl-Tensor:
c’r car c2argsin® ¥
Cinr = _737 Crorg = Ts, Crorp = 327r’ (2.18.9a)
Ty rysin® . 2
Crory = —5 Aoc’ Croro =———F——, Cygpp = rrssin” 0. (2.18.9b)
r

2ra
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Local tetrad:
1 1 1
0= = Vady, e =—ds, €)= =50 (2.18.10)
Dual tetrad:
0" =cy/adt, 0V = %, 00 =rdd, 6% =rsindde. (2.18.11)
Ricci rotation coefficients:
2 3
rs— 5AT va cot
Y00 = 53 7 Y@0E = Ve T T Vo) T (218.12)
The contractions of the Ricci rotation coefficients read
4r —3ry—2A7° cot ¥
Riemann-Tensor with respect to local tetrad:
AP 431,
Riynoe = —Roypore = -3 (2.18.14a)
3ry—2A1
Riyo)w) =Roene) = R0 = —Roene) = ¢z (2.18.14b)
Weyl-Tensor with respect to local tetrad:
s
Coynmm = —Cwyo e =3 (2.18.15a)
s
Com o) = Cuwne = ~Cuomm = ~Cnene) = 53 (2.18.15b)

Embedding;:
The embedding function follows from the numerical integration of

dz | rg/r+Ar?/3
E- m- (2'18'16)

Euler-Lagrange:
The Euler-Lagrangian formalism[Rin01] yields the effective potential

1 AP\ [
Vest = 5 (1 - % - ;) (rz ~ xc2> (2.18.17)

with the constants of motion k = (1 — r,/r — Ar?/3)c*i, h = r*¢, and « as in Eq. (1.8.2).
As in the Schwarzschild metric, the effective potential has only one extremum for null geodesics, the so
called photon orbit at r = %rs. For timelike geodesics, however, we have

dVef _ W2 (—6r +9r) 4+ c2r* (3ry — 2r°A) to. (2.18.18)
dr 3

This polynomial of fifth order might have up to five extrema.

Further reading:
Kottler[Kot18], Weyl[Wey19], Hackmann[HLO08], Cruz[COVO05].
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2.19 Majumdar-Papapetrou spacetimes

The Majumdar-Papapetrou (MP) metric[Cha89] describes an ensemble of N extreme Reissner-Nordstrem
(RN) black holes (see 2.25.3) with masses M, at locations 7 (k= 1,2, ...,N) and charges of the same sign.
Because of the charge-mass ratio of each black hole, their gravitational attraction is exactly compensated
by their electrostatic repulsion. In Cartesian coordinates {z,x,y,z € R} the MP metric reads

c2dr?

2 _
ds® = — 2

+ U (dx* +dy* +dZ?), (2.19.1)

where

NoOR/2

Uxyz)=1+Y (2.19.2)
k=1

|r — 7]

with Ry = 2GM; /c* and r = (x,y,z)". The coordinate singularity r; is the degenerated horizon of the k-th
extreme RN black hole. For N = 2, the MP spacetime is called extreme RN dihole metric (see 2.10.1).

Derivations of U (z,y, z):

W=y =3 5kt 2193
=135 e a153
"= ,gl T %Y= ,gl s nt (21939
AU :]gl3§k(xk |;'X)(7)":|5—y)7 0,0.U :g?w (2.19.3d)
3,0.U — ]gl ?W (2.19.3¢)

The function U (x,y,z) fulfills the Laplace-Equation AU = 0, which will be used in the calculation of the
following geometric quantities.

Christoffel symbols:
R L 21940
xf{:a"#, x&:_ayTU, 1;5(:_8%], 17;:—8»"7(], (2.19.4b)
-2 =% =% -2 21949
ryiz_%], 17;:_3171], Fx’é:()# xg:ax#, (219.4d)
= 9;7 , - QZ]U 7 L= _‘9"7[]7 = _(%YU’ (2.19.4e)
e %U (2.19.4f)
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Riemann-Tensor:

CZ

Rux = 773 [4(U)* —UJU — (VU)?|, Ry =20,U0.U —U,0.U, (2.19.5a)
Riyy = 524 [4(Q,U)? —UA2U — (VU)Y],  Ruy =28,Ud.U —U3,d.U, (2.19.5b)
Ry, = 5—24 [4(0.U)* —UJZU — (VU)*], Ry =20UdU —Ud9,U, (2.19.5¢)
Rivy = 5724 (40U, U —U3,9,U), Ry = (VU)? —2(9.U)? + U, (2.19.5d)
Riyix = ;—24 (40.UU —Ud,U), Ree: = (VU)? —2(,U)* + UJPU, (2.19.5¢)
Rizx = ;724 (40,Ud.U —Ud,0.U), Ry, = (VU)? —2(9U)* + U 32U, (2.19.5f)
Ry = 5—24 (40.U0.U —U0,.U), Rype = 20,U0\U — U d,0,U, (2.19.5g)
Riye: = 5—24 (40,U0.U —Ud0.U), Ry = —20U0.U +U9,0.U, (2.19.5h)
Riuy = 5—24 (40,U0,U —Ud,d,U), Ryzy = —20,U0.U +Ud,0.U. (2.19.5i)

Ricci-Tensor:

VU2 -2(3,U)? 2 20,Ud,U
R, — VU) U22(8 v Ri=te(VUP,  Ry=—"000 (2.19.6a)
(VU)? —2(d,U)? 20,Ud.U 20,U0,U
Ry = 2 S e = — U2Z , A (2.19.6b)
2_2 2
R, = (VU) 3 (9:U) . (2.19.6¢)

The Ricci scalar vanishes identically, also because the energy-momentum tensor of the electromagnetic
field is traceless. The Kretschmann scalar reads

H = % { 14(0,U)* + 14 [(9U)* + (0:U)?] ? _24U0.U (9,Ud,0.U + 0,U,d.U)
- 12U <(axu)2a,§U +20,Ud\Ud U + (8),U)28y2U)
+U? ((afu)z +4(0y0.U)* +3(7U)* +4(0,9:U)* +4(2:,U ) (2.19.7)

+20;UU +3(afu)2>

+4(9.U)? (7 [(U)* + (o:U)?] — 3U83U> }



68 CHAPTER 2. SPACETIMES

Weyl-Tensor:

Crax = 5—24 [3(U)*—UU — (VU)?]|,  Cuxe=30,Ud.U~U\0,U, (2.19.8a)
Cryry = z% [3(U)>~URU —(VU)?|,  Ciy =30,Ud.U —U0\0.U, (2.19.8b)
Craz = 5—24 [3(0.U)* —U2U — (VU)*],  Cyy. =30:UdU —Ud0,U, (2.19.8¢)
Ciuty = 5—1 (3oUU —UdU), Cony = (VU)?* =3(3,U)* + U U, (2.19.8d)
Ciyx = 5—24 (30U, U ~Ud,d,U), Croe: = (VU)? =3(6,U)* + U, U, (2.19.8¢)
Crax = LCTi (30,U0.U —Ud,d.U), Cyeye = (VU)? = 3(0,U)? +UJU, (2.19.8f)
Ciuiz = 5—24 (30.U0.U —Udd.U), Cyoy = —30,U.U +U3,0,U, (2.19.8g)
Ciyie = 5—1 (30,U0.U —Ud,d.U), Crypye = —30,U0.U +U3,0.U, (2.19.8h)
Cray = 5—24 (30,U0.U —Ud,3,U), Cyoe = 30,UU —UQU. (2.19.8i)
Local tetrad:

e(,) = ?8“ e(x) = Eax, em an, e(z) = Eaz (2199)
Dual tetrad:
o) — 561;, 0 —ydx, oY =udy, 69 =Udz. (2.19.10)
Ricci rotation coefficients:
U U
M@0 =TEe =Nawe = 72 Moo = Yo = Naoe = ﬁ (2.19.11a)
o.U
T@ 0 = M@ = 1)@m= 77 (2.19.11b)

=2, (2.19.12)
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Riemann-Tensor with respect to local tetrad:
Rowiow = g 4O —URU ~(VUP],  Ruype = s QAULU—~USIY),  (219130)
R = g HOUP ~URU ~(VUP], Ry = g3 QAULU —~URAU),  (219.13b)
Royyone = U] L [4(0.U)—U2U - (VU)’], Ry = % (20,UdU-UJU),  (2.19.13c)
Rig)i) = s [(VUP =200 +U2U], Ry = 5 (GAUAU ~UAAU),  (21913d)
Ry = % [(VU)? =2(0U)*+UU],  Riypoyw = % (40 UdU —Ud9,U),  (2.19.13¢)
Ry = g [(VUP =200 U], Rign = g (402U ~U2A0), (219130
Rowoe = s (GWUAU ~Ud2U), Ruoi = s QAU ~UAAU),  (219.13g)
Rowoe = g GV ~Ud2U), R0 = gz (2002 +U2.0), (219.13h)
Rooom = g (U0 —~UR2U), Ry = g (~2000U +UAIU) . (219,130
Ricci-Tensor with respect to local tetrad:
Ry = (W)z;wv Ry = (VULRZv Ry = —23’}[]]#7 (2.19.14a)
Riy)p) = (W)Z;—f(aylj)zv Ry = —28"5#, Ry = —zayg#, (2.19.14b)
Riyo) = (W])z;—f@mz. (2.19.14¢)
Weyl-Tensor with respect to local tetrad:
Coymn e = L: L [3(0U)*—URU—(VU)],  Coypmme = % (30,Ud.U—-Udd.U), (219.15a)
Cornm = g BV ~URU~(VUP],  Chym = s AU ~UBAU),  (219.15b)
Cornng = ga BEOUP ~URU~(VUP],  Comin = gz GAURU ~UARY), (219150
Covnom = g (V0P =3@UP U], Cpin = s GAUAU ~UAAD),  (21915)
Coos = gz (VU —3@QUP +URU], i = g3 BAURU ~UARY), (219,150
Co)0)@) = Ul 7 (VU =3(U)+URU],  Copyinm = % (30U0.U-UdIU),  (219.15f)
Comns = gz BRI ~UI2V), Coromo) = g (-3AUU +UA2U), (219159
Copione = gz BAUAY ~URA), Copioe = gz (AU +ULY), (2.19.15h)
Coinm = gz BAUAY ~UB), Cooio = gz GAURU ~U2RU).  (219.150

Further reading:

Chandrasekhar[Cha89, Cha06], Hartle[HH72], Yurtsever[Yur95], Wiinsch[ WMW13],
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2.20 Melvin universe

The spacetime describing the Melvin universe is represented by the metric

2 32 2 2 2 2 2 Bz 2 - 2 2
ds’ = |1+ -p (—de* +dp*+dz*) + I+ P P de?, (2.20.1)

where ... (see e.g. Griffith [GP09]).

Christoffel symbols:
P B’p

Local tetrad:
e = [1+B%p>/4] " ... (2.20.3)
Dual tetrad:

o1 = ... (2.20.4)
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2.21 Morris-Thorne
The most simple wormhole geometry is represented by the metric of Morris and Thorne[MT88],

ds* = —Pdt* +di* + (b§ + 1) (d0* +sin* 9 d?) (2.21.1)

where by is the throat radius and [ is the proper radial coordinate; and {r € R,/ € R, € (0,7),¢ € [0,27) }.

Christoffel symbols:
[ l
0y=rmrm  le=m7  The=-1
b3+ 12 ? BE+12
Fép‘p:cotﬂ, qu(p:flsm 9, F(P?p:fsim?cosﬂ.
Partial derivatives
?—b} >—b}
g, =————20 Y =——290 Ige,=—1,
19,1 (b%+lz>2 Lo, (b(z) +12)2 V9,1
1
¢ I a2 I .
FM’ =g Ipp, = —sin" ¥, Ipps = —Isin(29),
F(;?pﬂs\ = —cos(29).
Riemann-Tensor:
b3 _ bgsin*®

Rigis = ————=, Rigip = ;
b} + 12 EEN

Ricci tensor, Ricci and Kretschmann scalar:

b} b3
Ry = *2%, X = 72%5
(B3 +17) (b3 +1?)
Weyl-Tensor
2 b 1 b3
Cl = _7707 C‘l? 9 = )
" 3 (b%+12)2 ot 3b2 2
1 b2 lb sin® ¥
Cmm:*sz R Ciplp = —3 b2 o

Local tetrad:
1

\/ b+ 12
0 = /b3 +12dv,

1
e ="  en=09, ey I,

Dual tetrad

0 =cdr, 6V =udl,

Ricci rotation coefficients:

l
Yo)00) = Ve = 7 p

21 ~ coty
Y= 2 )= T
bO + l2 b(Z) + 12

Rypse = b§sin*d.

128}
(3+2)"

C 1 c2b2 sin® ¥
tptp = 73
3 bg+12
2
C19¢19(p = gb(z) Sin2 V.

1
e<(p) = 78 .

¢
\/bg+ 1% sin®y

0'%) = /B3 +2sindde.

cot

Vo)) (p) = :
\/BE+ 12

The contractions of the Ricci rotation coefficients read

(2.21.2a)

(2.21.2b)

(2.21.3a)

(2.21.3b)

(2.21.3¢)

(2.21.4)

(2.21.5)

(2.21.6a)

(2.21.6b)

(2.21.7)

(2.21.8)

(2.21.9)

(2.21.10)
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Riemann-Tensor with respect to local tetrad:

b2
Ripyovnis) =R = —R(5)(0)(8)(0) = — 0 (2.21.11)
H@®))(®) = RO (9)()(9) (9)(@)(9)(9) (b(2)+12)2
Ricci-Tensor with respect to local tetrad:
2b}
Ry =—"—5"23- (2.21.12)
(b +1%)
Weyl-Tensor with respect to local tetrad:
2b3
Connn = ~Cwre@ie) = =375 5 2+ (221.132)
b

Comwm =Cowne = ~Comnm = ~Cowue =3 2+ (2.21.13b)
Embedding:
The embedding function reads

r r 2
() = +boln |~ + () _1 (2.21.14)
by by

with 2 = b3 + 12
Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the © = 7/2 hyperplane yields

1, 1 k2 1/ KW 2

1 _ 1K _1 _ 2.21.15

gl TVt =3 Vel 2<b8+12 <) ( )

with the constants of motion k = ¢ and h = (b} +1%)¢. The shape of the effective potential V. is inde-
pendend of the geodesic type. The maximum of the effective potential is located at / = 0.

A geodesic that starts at [ = [; with direction y = +e(,) + cose(;) +sin§e(,) approaches the wormhole
throat asymptotically for & = &y with

by
\/ B+ 17

This critical angle is independent of the type of the geodesic.

it = arcsin (2.21.16)

Further reading:
Ellis[Ell73], Visser[Vis95], Miiller[Miil04, Miil08a]
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2.22 Oppenheimer-Snyder collapse

2.22.1 Outer metric

The metric of the outer spacetime, R > R;, in comoving coordinates (7,R, ¥, ¢) with (¢ = 1) is given by

R
(@23 7)

ds* = —dt* +

4/3
23 dR + <R3/2 - ;ﬁr> (d0* +sin® 9de?) .

Christoffel symbols:
IR 1 Vs o _ Vs
* Rt © TR _3
o_ % e RYR
R SEE N o 2 (R32 = 3 yrr) ™
R 3./rsT o _ VR
R 4(R32 -3 R R R R -3 rt
1/3
o VR T _ 3/2
R Iy, = \/E<R m> ,
R2_3 75T
oo =— \/% ) Ff(p =cot ¥,

1/3
F(pf(p:_\/ﬁ(Ryz—;\/ﬂr) sin2197 I[P = —sin® cos Y,

[ (R3/2 — %\/ﬂ‘c) sin2®

(4% \/E
Riemann-Tensor:
R Rrg R 1 Ty
TRTR — — s 1% — 5§ )
3 8/3 2 3 2/3
(R~ 3 ) (R =3 /77)
R 1 rysin? R 1 Rrg
TOTQ — S ’ RORY — — 3 5
2(R3/2_%\/ET)2/3 2(R3/2—%\/KT)4/3
1 Rrysin® ¥ 3 2/3 .
Rrore = -3 : 3 73 Rypvp = <R3/2 — zﬁf) resin® .
CESENE

The Ricci tensor and the Ricci scalar vanish identically.

Kretschmann scalar:

72

H=12———
CESNE
Local tetrad:
1/3

e =0 ep = <R3/2_%\/ET) or

(‘L‘) Ty (R) \/E )

1 1

€(9) = 7300 €)= dp-

(B2 3yre) (2 372 sino

(2.22.1)

(2.22.2a)

(2.22.2b)

(2.22.2¢)

(2.22.2d)

(2.22.2¢)
(2.22.2f)

(2.22.2¢)

(2.22.3a)

(2.22.3b)

(2.22.3c)

(2.22.4)

(2.22.5a)

(2.22.5b)
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Ricci rotation coefficients:

Ts 2.\/rg
MO®E) = =33 Jrp @0 = Y00)e) = 3pam_3 e (2.22.62)
3 -2/3
3/2
YR)(9)(9) = YR)(®)(9) = ~ (R 2 2\/ET> : (2.22.6b)
The contractions of the Ricci rotation coefficients read
3V 323 - 303 e
Vo) = R N Yr) =2 (R 2 _ 2\/@7) » Yoy =cotd (R 2 _ E\/ﬂr . (2.22.7)
Riemann-Tensor with respect to local tetrad:
R R 4rs (2.22.8a)
= - 19 19 = - 5 . .
(D R)(7)(R) () (@) (D) (9) (2R — 3\/751)2
2rs
@®)(@)(®) = Ro)(9))(0) (R)D)(R)(D) WO = a3 ) (2.22.8b)
The Ricci tensor with respect to the local tetrad vanishes identically.
2.22.2 Inner metric
The metric of the inside, R < R;,, reads
3 4/3
ds® = —dt* + <1 - EﬁRf/ 21> [dR? + R? (d0? +sin® 0dg?)] . (2.22.9)
For the following components, we define
3 _
Aoin =1 -3 VTiR, 32, (2.22.10)
Christoffel symbols:
-3/2 -3/2 -3/2
7R AR VR
k= VR , ry = o , =V *b 2.22.11a
e Aoin o Aoin @ Aoin ( )
_ 1 1
i = —Ad/riR?, LY = = = (2.22.11b)
IR =R, I}, = cot®, Iy = —AU/rR, PR, (2.22.11¢)
IR = —Rsin® 0, LD = —sin® cos®, I}, = —Agm/nR, "R sin 0. (2.22.11d)
Riemann-Tensor:
1 1 rR? 1 ryR?sin* ¥
Rzrir = 2 Rryro = ) Ripro= s ——5=> (2.22.12a)
3 42/3° 03 42/3 2/3
2 R3AOm 2 R3AOm 2 RXA
rsR? sin® 1 rsR? rgR* sin® 19
Rrorp = — 3 é/ifv Rrore = %Aé/ii, Rypop = _— 3 20/131 (2.22.12b)
R, R, R;
Ricci-Tensor:
3 0 37y 3 R 3 r,R?sin” ¥
= v Rrr=5—m, Res = v Rop =5 ———7— (222.13)
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The Ricci and Kretschmann scalars read:

= 33r§ ;o A =15 6r§4 : (2.22.14)
Ry AGin RyAGin
Local tetrad:
e =dn  em= 35k Eo)= 5l €p= 35—y (2.22.15)
Adin RAG AgipRsin

Ricci rotation coefficients:

VTR,
T ®E =N @)0) = N0 = 4 (2.22.16a)
1
YR)(9)(9) = YR)(0)(9) =~ 3737 (2.22.16b)
RAOin
coty
Yo)o)e) =~ 575 (2.22.16¢)
RAG:,

The contractions of the Ricci rotation coefficients read

3\/KR;3/2 2 cot ¥
Yo=—""3. > MW=_a5 =35 (2.22.17)
Oin RAOin RAOin

Riemann-Tensor with respect to local tetrad:

;’SR,;3
Rew@® =Rowime =Rawiow = 24 — (2.22.182)
}’SR;3
R o1w10) = Riwormi0) = Ropore) = 7 — (2.22.18b)
mn
Ricci-Tensor with respect to local tetrad:
3rsR;3
Rioo = Riw = Royo0) = Rioyo) = 243 — (2.22.19)
n

Further reading:
Oppenheimer and Snyder[OS39].
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2.23 Petrov-Type D - Levi-Civita spacetimes
The Petrov type D static vacuum spacetimes AI-C are taken from Stephani et al.[SKM 03], Sec. 18.6,

with the coordinate and parameter ranges given in "Exact solutions of the gravitational field equations"”
by Ehlers and Kundt [EK62].

2.23.1 Case Al

In spherical coordinates, (z,r, 9%, @), the metric is given by the line element

b
ds? = P (40 +sin 9dg?) + ——dr* — —Zar’. (2.23.1)

r— r

This is the well known Schwarzschild solution if b = ry, cf. Eq. (2.2.1). Coordinates and parameters are
restricted to

teR, 0<d<m, o €[0,27), O<b<r)V(b<O<r).

Local tetrad:

r—>b 1 1
e =1\/3% =\ "9  ewy= 9o  €p= -0 (2.23.2)

-
Dual tetrad:
r—b (") r (9) @) _ pgi
dt, 0" = —bdr, 0'%) =rd¥, 0'?) = rsin¥do. (2.23.3)
r r—

Effective potential:

With the Hamilton-Jacobi formalism it is possible to obtain an effective potential fulfilling %r’z + %Veff(r) =
12 rri

5>Cs with

2%0

o) —

Vegt(r) =K r_3b b (2.23.4)
r
and the constants of motion
2
e = (r - b) , (2.23.5a)
K = 9/ +¢*rsin® 0. (2.23.5b)
2.23.2 Case All
In cylindrical coordinates, the metric is given by the line element
ds® = 2 (dr + sinh? rd@?) + bidzz LAY (2.23.6)
-z z
Coordinates and parameters are restricted to
teR, 0<r, ¢ €10,2m), 0<z<b.
Local tetrad:
Z 1 1 b—z
e<t) = Ea,, e(,) = Ear, e((p> = maqh e(z) = Taz (2237)
Dual tetrad:
0_, |b=2 ) — ®) — o @ | 2
0\ =/ ——dt, 6\ = zdr, 0'%) = zsinhrdo, 0% =, | ——dz. (2.23.8)
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2.23.3 Case AIIl

In cylindrical coordinates, the metric is given by the line element

1
ds* =2 (dr* + r*d¢?) +zdz* — gdﬂ. (2.23.9)

Coordinates and parameters are restricted to

teR, o<r, ¢ <[0,27m), 0<z

Local tetrad:

1 1 1
e<,) = \/Eat, e(,) = 28,, e<(p) = Z—qu,, e(z) = 7(% (22310)
Dual tetrad:
6\ = \1/dt, 0) =zdr, 69 =zrdp, 09 = /zd: (2.23.11)
Z

2.23.4 Case BI

In spherical coordinates, the metric is given by the line element

—b
ds? = P (d0? = sin® 9dr?) + ——dr* + " dg*. (2.23.12)

Coordinates and parameters are restricted to

reR, 0<d<m, ¢ €[0,27), O<b<r)V(b<0<r).

Local tetrad:
1 r—>b 1 r
€= ras® =\ 0 =9 e =/ 5% (223.13)
Dual tetrad:
6 =rsingdr, 0= /——dr 8 =rdv, 0= =y (223.14)
r— r

Effective potential:
With the Hamilton-Jacobi formalism, an effective potential for the radial coordinate can be calculated
fulfilling %,-,2 + %Veff(r) = %Cg with

—b —b
Veir(r) = K- = ! (2.23.15)
r r
and the constants of motion
r—b\?2
G = <P2( ) : (2.23.16a)
r
K = 94 —i2/4sin? 0. (2.23.16b)

Note that the metric is not spherically symmetric. Particles or light rays fall into one of the poles if they
are not moving in the © = 7 plane.
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2.23.5 Case BII

In cylindrical coordinates, the metric is given by the line element

Z
b—z

Z

b—z
ds? =72 (dr2 — sinh? rdtz) + dz> + 7d(p2.
b4

Coordinates and parameters are restricted to

telR, ¢ €10,27), 0<z<b, o<r.

Local tetrad:
1 1 Z b—z
€)= % =29 =5 % o=\
Dual tetrad:
b _
00 = zsinhrdr, 0V =zdr, 09 =,/""Cdp, 0= bi dz.
Z -z

2.23.6 Case BIII

In cylindrical coordinates, the metric is given by the line element

1
ds* = 2% (dr* — Pdt*) +zd2* + —d¢*.
z

Coordinates and parameters are restricted to

teR, ¢ €10,2m), 0<z o<r.

Local tetrad:
1 1 1

=% =0 9TV  ey= 7ok
Dual tetrad:

Qm = zrdt, 0(’) = zdr, 0((4)) = Ld(p7 0(2) = \/EdZ

vz
2.23.7 CaseC
The metric is given by the line element
it = —— (?dxz AW~y +f(—y)dt2)
(e 432 \ (%) f(=y)

with f(u) := £(u® + au+b). Coordinates and parameters are restricted to
0<x+y,  f(=y)>0, 0> f(x).

Local tetrad:

1
en = (x+y)—F——=0, e = (x+y) Va3 tax+bo,
-y —ay+b
1
ey) = ()C—I—y) —y3 _ay—l—b8y7 €(p) = (x—}—y)ia(p’

xX3+ax+b

(2.23.17)

(2.23.18)

(2.23.19)

(2.23.20)

(2.23.21)

(2.23.22)

(2.23.23)

(2.23.24a)

(2.23.24b)
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Dual tetrad:
00— L S aiba, oW =) L (2.23.25a)
x+y x+yvxd+ax+b
g0 — 1 ! dy, 09 = L\/mdq), (2.23.25b)
X+y /P —aytb x+y

A coordinate change can eliminate the linear term in the polynom f generating a quadratic term instead.
This brings the line element to the form

1 1 1
ds? = ——— | ——dx? dp* — ———dy* —y)dg* 2.23.26

with f(u) := £(-2mAu® — u? 4 1) given in [PPO1].
Furthermore, coordinates can be adapted to the boost-rotation symmetry with the line element in [PP01]
from in [Bon83]

ds* =

1
2 [eprz(zdtftdz)z—e’l(zdz—tdt)z —étdr? — e P do? (2.23.27)
2

with
p R3+R+7Z3—17

T 4RI +RYZ1 )

e 20% [R(R+Ry+Z1) — Z1?] [RiR3 + (R+ Z1)(R+Z3) — (Z1 + Z3) ]
RiR; [R(R +R3 —|—Z3) —Z3r2]

)

1
R = E (Zz—l2+r2>7

Ri=+\/(R+Z)*—2Z;r?,

Zi=zi—2,
o’ == ,
4AS(zp —z21)%(z3—z1)?
_ 1
1= 402

and z3 < z1 < 22 the roots of 24473 — A272 + m?.
Local tetrad:

Case 22 —12 > 0:

1
0= g (qze"’/ 20, +tet/? 817) . ey =e 29, (2.23.282)
! o2 A2 o/2
€ = VZ—_12 (qte o +ze am) ) e(p) =re do. (2.23.28b)
Case 2 —12 < 0
I
€= (vﬂe"’/ 20, +ze M 8:7) . ey =e 0, (2.23.29a)
—Z
I
0= T (‘lzfp 120, +te /2 3:7) ey =re?20,. (2.23.29b)
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Dual tetrad:

Case 722 —12 > 0:

1
0" = Za, (zdt +1dz),
(@) g
0\ = aop (tdt +zdz),

Case 22 —12 > 0:

e
9(’) = m(tdt“erZ),

1
& (zdt+1dy),
_qu(z )

") = et ar, (2.23.30a)

0@ = L 4. (2.23.30b)
reP

0" = et dr, (2.23.31a)

0@ = L 4. (2.23.31b)
reP
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2.24 Plane gravitational wave

W. Rindler described in [Rin01] an exact plane gravitational wave which is bounded between two

planes. The metric of the so called ‘sandwich wave’ with u := ¢ —x reads

ds* = —dt? +dx® + p* (u) dy* + ¢* (u) d2*.

The functions p (u) and ¢ (u) are given by

po=const. u<-—a go=const. u<-—a
pu):=<1—u O<u and gu):=¢1—u O<u
L(u)e™™  else L(u)e ™™ else

where a is the longitudinal extension of the wave. The functions L (1) and m (u) are

3 4 2
u u u-+au
Lu)=1- —+ — =42V3 du.
(u) ut a2 + 243’ m (u) \[/ \/2a3u —2aud —u* —2a3 "
Christoffel symbols:
. 1dp dq 1 dq dap
y _ _ t_ z_ _ t_ X _
1—1‘)'__13*_;%7 L=I:=4q5 Tt‘z__r;é_gﬂv Ly=Iy=p5 -
Riemann-Tensor:
9%p d%q

Rtyly = nyxy = *Rtyxy = *PW, thtz = sz)cz = *thxz = *QW
Local tetrad:
€)=, € =0 €

Dual tetrad:

0 =dr, 6% =dx, 6V =pdy, 609 =qdz.

(2.24.1)

(2.24.2)

(2.24.3)

(2.24.4)

(2.24.5)

(2.24.6)

(2.24.7)
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2.25 Reissner-Nordstrom

The Reissner-Nordstrem black hole in spherical coordinates {t € R,r € R*,9 € (0,7),¢ € [0,27)} is de-
fined by the metric]MTW73]

ds* = —ARNCPdt® + Aglidr® +r* (d9* +sin? 9 dg?) (2.25.1)
where
2
Ay =1-" P2 (2.25.2)
r I

with r; = 2GM/c?, the charge Q, and p = G/(gyc*) ~9.33-1073*. As in the Schwarzschild case, there is a
true curvature singularity at » = 0. However, for 0* < r2/(4p) there are also two critical points (horizons)

at
rs | Fs 4PQ2
==+ — . 2.25.
r 2:|:21/1 rsz ( 3)

Thus, for 0 < Q? < r2/(4p), the system is also called black hole and for Q? = r? /(4p) extreme black hole.
For Q% > r?/(4p), there are no horizons and the system is called naked singularity.

Christoffel symbols:
ARch(rsr—Zsz) . rer —2p Q> rer —2p Q%
I = I =—— IL=———— 2254
" 2 A TN T 2P A (2:25.42)
1 1
==, Lo=-, I'ys = —rAgrn, (2.25.4b)
r r
I, = cotd, I, =—rAgnsin®®, I, = —sindcosd. (2.25.40)
Riemann-Tensor:
A(rgr—3p0? ArNCE(rar—2 Q2
Ripey = —w» Rigr9 = = ( ;rz P )7 (2.25.5a)
ARNC (rsr —2p 0?) sin® ror —2pQ?
R — R =25 T= 2.25.5b
totQ 2,2 ) rord 2r2ARN ( )
rer —2pQ?)sin® ¥ .
Rygprp = — (r 5 r’;fi{; : Rygoe = (ryr — pQ?)sin® 0. (2.25.5¢)
Ricci-Tensor:
*pQ*Arn pQ? pQ? pQ?sin® ®
Rtt A ) Ry, V4ARN7 R1.919 20 R(P(P 72 ( 5 6)

While the Ricci scalar vanishes identically, also because the energy-momentum tensor of the electromag-
netic field is traceless, the Kretschmann scalar reads

3r2r2 — 12rrp Q2 + 14p2 0%
H =4 - :

I%

Weyl-Tensor:
2 (rgr—2p Q%)
A

ARNC (rgr —2p Q%) sin® ¥
Ct(plq) = 2,2 5

Ctrtr = -

(rgr —2pQ?)sin® ¥
2”2ARN ’

Cr(pr(p = -

ARch(rSr — 2pQ2)

Ctﬁt‘é‘ = 22 )
o rsr— 2pQ2
Crﬂrﬂ - 7%

Cooop = (ryr —2pQ?)sin’ V.

(2.25.7)

(2.25.8a)

(2.25.8b)

(2.25.8¢)
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Local tetrad:
1 1 1
e<t) = ma,, e(,> = \/ARN&M ew) = ;(919, e((p) = rsinﬁa(p' (2259)
Dual tetrad:
0) = c\/Arndt,  OY) = dr 00 =rdd, 09 =rsinvde. (2.25.10)

Ricci rotation coefficients:
rrs—2p Q2 ARN coty

Y00 = 35 Jamr YOO = Voo T Vo)) T (225.11)
The contractions of the Ricci rotation coefficients read
472 — 3rrg+ 2pQ2 cotd
=T p A W T, (2.25.12)
Riemann-Tensor with respect to local tetrad:
rsr—'g’pQ2 rsr—sz
Romon =" Royewe =" - (2.25.13a)
rsr—2p Q2
Riyw)0)9) = Royo)ni9) = ~Rin@))@) = —Riy@)ne) = —5,4 (225.13b)
Ricci-Tensor with respect to local tetrad:
Ri = —Ro = Rioyo = Rioney = 22 2.25.14
00 = Ry = Rw)0) = Rig)9) = —5 (225.14)
Weyl-Tensor with respect to local tetrad:
rer —2pQ?
Comwm = —Coxowio) =7 (2:25.15a)
rer —2pQ?
Co® o) = Cuwne = ~Comnm = —Cowne = 5 (2:25.15b)
Embedding:
The embedding function follows from the numerical integration of
dz 1
= \/1 — e " (2.25.16)
Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the ¥ = 7/2 hyperplane yields
1, 1% 1 re  pQ*\ [ h? )
El" +Veff: 507, Veff: 5 (1r+r2 ﬁ*KC (22517)

with constants of motion k = Agne?f and i = 2. For null geodesics, k¥ =0, there are two extremal points

3 32p Q2
ry = er (1 +4/1— or2 ) , (2.25.18)

where r; is a maximum and r_ a minimum.

Further reading:
Eiroa[ERTO02]
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2.26 de Sitter spacetime

The de Sitter spacetime with A > 0 is a solution of the Einstein field equations with constant curvature. A
detailed discussion can be found for example in Hawking and EllisfHE99]. Here, we use the coordinate
transformations given by Bi¢ak[BKO01].

2.26.1 Standard coordinates

The de Sitter metric in standard coordinates {t € R, € [-=&, 7], ¥ € (0,%),¢ € [0,27)} reads

ds® = —d1* + o cosh® é [dxz +sin® y (d192 + sin? ﬁd(pz)} , (2.26.1)

where a? =3/A.

Christoffel symbols:
F%C = 1 tanh 1, FT% = 1 tanh E, 1}(5, = 1 tanh E, (2.26.2a)
o (04 [0 o (04 04
I}/, = asinh % cosh %, Fx% = coty, Ijj, = coty, (2.26.2b)
{5 = asin? x sinh g cosh g, 1"19%19 = —sinycosy, Fﬂq’(p = cot?, (2.26.2¢)
F(J(P = orsin® x sin® ¥ sinh % cosh g,ﬂpxq, = —sin’ ¥siny cosx,F(plzp = —sin?d cos V. (2.26.2d)

Riemann-Tensor:

T T
Riyey = — cosh? P Risrs = —cosh® « sin x, (2.26.3a)
2T 2., 2 2 .2 T\2 .,
Rrgrp = —cosh asm xsin“ 9, Rysyo = (l+s1nh a) sin“ x, (2.26.3b)
2 2 T\2 o 2 2 TN\Z 4
Ryppo =0 (l+smh a) sin” x sin” ¥, Rypve = O <1+s1nh a) sin” y sin” 9. (2.26.3c)

Ricci-Tensor:

3

Rer = orE Ryy =3 cosh? g, Rys = 3cosh® % sin x, Rpp =3 cosh? g sin? y sin® ¥. (2.26.4)

Ricci and Kretschmann scalars:
12 24

R=—. K=y (2.26.5)
Local tetrad:
1 1 1
e(’t) — a’ﬁ 819’ e((p) = acosh % s]nx81n19~ Q- (2.26.6)

‘o = ocosh £ 74 ¢ = ot cosh £ sin y
Dual tetrad:

0") =dz, W = ocosh %d%, 0% = acoshésinxdﬁ, 0'9) = acoshésinx sinddo. (2.26.7)

2.26.2 Conformally Einstein coordinates

In conformally Einstein coordinates {n € [0,7],x € [-x,x],® € [0,n],¢ € [0,27)}, the de Sitter metric
reads

2

ds* =

= 5 [—dn?+dy* +sin® y (d0* +sin* 9de?)]. (2.26.8)
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It follows from the standard form (2.26.1) by the transformation

1 = 2arctan (ef/a) i (2.26.9)

2.26.3 Conformally flat coordinates

Conformally flat coordinates {T € R,r € R,? € (0,7),¢ € [0,27)} follow from conformally Einstein co-
ordinates by means of the transformations

osinm asiny 2T o
P

= = or M =arctan—————— = arctan
cosy +cosn’ cosy +cosn’ n o2 -T2+’ x

m . (2.26.10)

For the transformation (7,R) — (1, %), we have to take care of the coordinate domains. In that case, if
k2> —T?+r? <0, we have to map ) — 1 + 7. On the other hand, if k2 + 72 — ? < 0, we have to consider

the sign of r. If r > 0, then y — x + &, otherwise y — x — 7.
The resulting metric reads

2
ds? = % [—dT2 +dr? + 2 (d0? +sin? 0 dg?)] . (226.11)

Note that we identify points (r < 0,9, @) with (r > 0,7 — ¥, ¢ — 7).

Christoffel symbols:
T r ® ¢ T 1 o o1 T r’ ,
Ipp =Ip, =Iry =17y, =1, - 1—;’19:1—;’(#’:;’ FM:*?’ Iyy =—r, (2.26.12a)
T 2 sin® B .2 9 .
ngp =cotd, Ip,=——r—, I,,=—rsin’®, I =—sindcosd. (2.26.12b)
Riemann-Tensor:
2 2.2 2.2 2
o a“r a“resin” ¥
Rryrr = Bz Rryry = T A Rrore = T r o (2.26.13a)
2.2 222 2.4 2
or ocresin® ¥ a“r*sin® ¥
Rroro = A Rrgro = T Rygve = i (2.26.13b)
Ricci-Tensor:
3 3 3r2 3r2sin? ¥
RTT = 7?; Rrr = ﬁa R1919 = Fa op — T (22614)
The Ricci and Kretschmann scalar read:
12 24
Local tetrad:
T T T T
=—0 =—0, =—90 = - . 2.26.16
(=g T g% T 0 @~ arsing ? ( )

2.26.4 Static coordinates

The de Sitter metric in static spherical coordinates {t € R,r € R*,9 € (0,7),¢ € [0,27)} reads

A AL\
ds? = — <1 — 3r2> Adt* + <1 —~ 3r2> dr* +r* (d9* +sin® 9 de?) . (2.26.17)
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It follows from the conformally Einstein form (2.26.8) by the transformations

a,  cosy—cosn

t=—In

2 " cosy+cosn’

Christoffel symbols:
Ar? —
1—;[}’ — ( r 3)c2Ar,
9
1
Frg = P

Fﬁ% = cot(¥),

Riemann-Tensor:

A
Rtrtr = _§627
Ar?
Ryyro = TM—T

Ricci-Tensor:

Ar2—3

Rn = C2A 3

Rrr =

sin
sinm

3A
3—Ar?’

The Ricci scalar and Kretschmann scalar read:

R = 4A,

Local tetrad:

8
H =—A
3

R1919 :AI‘Z,

- Ar

T3 AR

. (Ar2—3)r
Ly = 3 ;

1}% = —sin(9) cos(V).

Rigrp =

Rypve =

Rog

3 8; Ar2 1
“0=\3Tazc  COTVITFTh e =

Ricci rotation coefficients:

Ar

Yoyrnw =~ V9 _3A2

The contractions of the Ricci rotation coefficients read

~ V9-3Ar2(Ar?-2)

N) (@) = Ne)(n(e) =

_ cot

Y = (Ar2=3)r

C ey =

Riemann-Tensor with respect to local tetrad:

V9 —3Ar2

3r ’

3—Ar?

AP sin(9)?,
r*sin’(0)A

= r?sin®(9)A.

(2.26.18)

(2.26.19a)
(2.26.19b)

(2.26.19¢)

(2.26.20a)

(2.26.20b)

(2.26.21)

(2.26.22)

(2.26.23)

(2.26.24)

(2.26.25)

. (2.26.26)

(2.26.27)
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2.26.5 Lemaitre-Robertson form

The de Sitter universe in the Lemaitre-Robertson form reads

ds* = —c*dt* + ' [dr? + 1 (d0 +sin® 9 do?)] (2.26.28)

with Hubble’s Parameter H = 4/ AT‘z = 4, which is assumed here to be time-independent.

This a special case of the first and second form of the Friedman-Robertson-Walker metric defined in Egs.
(2.11.2) and (2.11.12) with R(¢) = €/ and k = 0.

Christoffel symbols:
I'=H, [§=H, LY =H, (2.26.29a)
Sy s 1 1
I = e Ly=— Lo = - (2.26.29b)
2H! 2
=" i P 19 = cot(v), (2.26.29¢)
M2 sin?(0)H
r;,= Iy, =—rsin(®)?,  I% = —sin(d)cos(V). 2.26.29d
o0 2 , 20 rsin(9)°, 00 sin(®) cos(¥) (2.26.29d)
Riemann-Tensor:
Ry = —*H'H?, Rygro = —' P H?, (2.26.30a)
GAHL 22
Rigrp = —e*1'r? sin® () H?, Regry = ——5—, (2.26.30b)
C
e p2 sin? (9)H? M sin? (9)H?
Rrgro = c—2() Ropse = c—2() (2.26.300)
Ricci-Tensor:
2Hi 172 2H! 2772 2HI 2 i12 2
R, = —3H?>, R, =3 2H . Rps = 3#7 Ropp = 3% (2.26.31)
c ¢ c
Ricci and Kretschmann scalars:
12H? 24H*
==, = (2.26.32)
c c
Local tetrad:
1 Cm €7Ht eth
€1 = Eat, € =¢€ 8,, €)= , (919, e((p) = rSinﬁa(P. (2.26.33)
Ricci rotation coefficients:
H
T 00) = Vo)) = Ne)nie) = (2.26.342)
1 cot(0)
Y0)()®) = No)(0) = sy No)®)o) = i, (2:26.34b)
The contractions of the Ricci rotation coefficients read
H 2 cot(0)
Yo =370 Y= mp Mo = (226.35)
Riemann-Tensor with respect to local tetrad:
H2
Riynoe =R =Ruw)ne) =~z (2.26.36a)
H2
Rin@)ne) = Rino)0)9) = Ro)o)0)9) = 7 (2.26.36b)
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Ricci-Tensor with respect to local tetrad:

—Riy) = Ryyr) = Riw)(9) = Rip)ip) =377 (2.26.37)

2.26.6 Cartesian coordinates

The de Sitter universe in Lemaitre-Robertson form can also be expressed in Cartesian coordinates:

ds* = —c2di*> + &M [d)c2 +dy* + dzz] . (2.26.38)
Christoffel symbols:
I}=H, I =H, I:=H, (2.26.39a)
e2HtH eZHtH eZHIH
Il = 2 = 2 Il = 2 (2.26.39b)
(2.26.39¢)
Partial derivatives
2H2e2Ht
Lo =Ty =l = ——5— (2.26.40)
Riemann-Tensor:
) ) e4HlH2
Rixix = Rpyix = thtz = —€ HIH 5 nyxy = szxz = Ryzyz = 2 (2~26-41)
c
Ricci-Tensor:
2HtH2
Ry=-3H?, Ry=Ry=R.= 36072. (2.26.42)
The Ricci and Kretschmann scalar read:
H? H*
X =12—, H =24—. (2.26.43)
C C
Local tetrad:
1 _ _ _
e(t) = Ea,, e(x) =e H[(;x, e(y) —=e Htay, E(Z) —=e Htaz. (2.26.44)
Ricci rotation coefficients:
H
Y00 = Y000 = Yane = - (226.45)
The only non-vanishing contraction of the Ricci rotation coefficients read
H
Yo =37 (2.26.46)
Riemann-Tensor with respect to local tetrad:
H2
Riwnm =Romne =Ro@ne =~ (2.26.472)
H2
Rwmwm =Rwewe =Rueue =z (2.26.47b)
Ricci-Tensor with respect to local tetrad:
H2
Ry =Rew =Ry = R =37 (2.26.48)

Further reading:
Tolman[Tol34, sec. 142], Bi¢ak[BKO01]
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2.27 Stationary axisymmetric spacetimes in Weyl Coordinates

Stationary axisymmetric spacetimes in isotropic or Weyl coordinates (z,p, ¢,z) read[SKM03]eq(19.21)

ds? = e V(D) [ez"(f’vz) (dp*+dz*) + pzd(pz} — VP (dr + A(p,2)de)?, (2.27.1)

where (G=c=1).
Metric-Tensor:

gu=—eP3 gy =—PIA(p2),  gpy=—eVPIA(p,2)?+ple VP, (2.27.2a)
8pp = 8z = P2V, (2.27.2b)
Christoffel symbols:
IF = %*0,U, [ =eY"29U, (2.27.3a)
4U
p__ ¢ _ 2 4U
1 1

Lh= 5e“U “2(240,U + 9pA) L5 = Ee‘*U 2K (240.U + 9.A), (2.27.3¢)
1 2 U ¢ I w

Il = 27 (2p°0.U +Ae*V 0.A) I} = —ﬁe d;A, (2.27.3d)

I, = —9pU + dpk, 1*;,) =0.U — dk, (2.27.3e)

I = —0.U + d:k, I} = —dpU + dpk, (2.27.3f)

1 1

0 = ~3 (Ae*V 9pA+2p29pU —2p), I = “2p7 (2p?9.U +Ae* 9.A), (2.27.3g)

IF = 9pU — dpk, IZ=—0,U+ 0k, (2.27.3h)
1 .

I,= 7 (4p*AdpU + p2dpA+A%e*V 9yA —24p) (2.27.3i)

I = e (p?0pU — p + A% 9pU + Ae*U 9pA) (2.27.3j)

Iy, =e¢ 2 (p?0.U+A%"o.U +Ae" 9.A), (2.27.3k)
1

I, = T (4p*A0.U + p*d.A+A%e" 9.A) . (2.27.31)

Comoving local tetrad:

e(o) = 2% (3 Ere 220 ) e(l) = eUikgp, e(z) = ! 3¢, e(3) = eUﬁkﬁz. (2274)

8tp — 811899 8o Voo

Static local tetrad:

U
e
€)= eiUc9,, en) = eUﬁkap, en) = F (—A&, —|—(9(p) , €3 = eUikaz. (2.27.5)
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2.28 Straight spinning string

The metric of a straight spinning string in cylindrical coordinates (¢, p, ¢,z) reads

ds* = — (cdt —ad@)* +dp> + K2 p*d¢® + d2?, (2.28.1)

where a € R and k > 0 are two parameters, see Perlick[Per04].
Metric-Tensor:

81 = _Cza 8tp = ac, 8op =8z=1, oo = k2P2 —a. (2.28.2)
Christoffel symbols:
-4 o _ 1 P 42
pp = o’ I)o= o’ I5o = —k°p. (2.28.3)

Partial derivatives
o 0 1 p 2
Top==cpr Toeo=—12  Topp=—K (228.4)

The Riemann-, Ricci-, and Weyl-tensors as well as the Ricci- and Kretschmann-scalar vanish identically.
Static local tetrad:

1 1 /a
e(()) = Ea,, e(l) = 3p, €)= E (28, +8(p) s 6(3) = 82. (2.28.5)
Dual tetrad:
00 =cdt—adp, 0V =dp, 0% =kpdp, 6° =dz (2.28.6)

Ricci rotation coefficients and their contractions read

1 1
oe =5 == =0 wm=g (2.28.7)
Comoving local tetrad:
VEk2p2 —a? (1 a
€0) = T (Ca[ - k2p2_023¢> , e) = I, (2.28.8a)
1
€@2) = \/ﬁ&p, e3) = 0. (2.28.8b)
Dual tetrad:
kp acdt
00 = —L—car, 9V =ap, 6P =t \/K2p2—a2dp, % =dz. 2.28.9
NCToer P Jidpt_g T VEpTmade (2:289)
Ricci rotation coefficients and their contractions read
a’ ak
HomO = Sizpr—az)y  Tamo =Hoem = Nome) = 27—z (2.28.10a)
K*p
Yome) = 2 —a (2.28.10b)
1
Yy = = (2.28.10¢)

P
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Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the © = 7/2 hyperplane yields

1 ahy }
) 1 2__ "
P+ W </’12 — C) —Kc™ = 6‘77 (22811)

with the constants of motion h; = c¢(cf —a) and hy = a(ci —a) +k*p?¢.

The point of closest approach ppca for a null geodesic that starts at p = p; with y = +e(g) +cos&e(;) +
sin&e(,) with respect to the static tetrad is given by p = p;sin&. Hence, the pyca is independent of a and
k. The same is also true for timelike geodesics.
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2.29 Sultana-Dyer spacetime

The Sultana-Dyer metric represents a black hole in the Einstein-de Sitter universe. In spherical coordi-
nates (¢,r, %, ¢), the metric reads[SD05] (G=c=1)

oM 4M oM
ds* =r* [(1 — ) dr* — ——dtdr— (1 + ) dr* — rzd.Qz} , (2.29.1)
r r r

where M is the mass of the black hole and 22 = dv¥? 4+ sin®> 9d¢? is the spherical surface element. Note
that here, the signature of the metric is sign(g) = —2.

Christoffel symbols:
(2P A MY) L Mr=2M)(4r ) L M(r2M)(4r ) 529
" tr3 ’ B tr3 v tr ’ (2.29.2)
. 2(P—aMPr—MP) 2 2
I;r = tr3 5 1—;19 = ? Eg — ;, (2.29.2b)
1 1 2(r* +2Mr— M)
o
Y= - Lo= - Iy = , , (2.29.2¢)
AMr+tr—2Mt
I}y = —%, Iy, =cotd, Il = —sindcos v, (2.29.2d)
2 (P> +4Mr? +4M?r + M*t + Mtr) oM (4r% + 8Mr+2M1 +1r) (229.2¢)
rr tr3 ) rr = tr3 ’ i
2 (r? +2Mr—Mt) sin® & (4Mr +tr — 2Mt) sin® &
t —
I,= . , Iy,=-— . . (2.29.2f)
Riemann-Tensor:
262 (=2Mr* — r* + Mt* +2Mt
Ripey = ( i i 3 r) y (2293&)
r
2 4 2.2 2 2.2 2 2.2
t= (2r* +16M-r= +4Mtr= — AM=r-t + Mt“r — 2M~-t
Rrpto = — ( ) ) , (2.29.3b)
2Mt? (4r 1) (r* +2Mr — Mt
Rigro = — ( )(rz ) ; (2.29.3c)
1% sin® & (2r* + 16M>r? + 4AMtr? — 4M>r*t + Mt*r — 2M>1?
Rrgrp = — r ’ 2r ! ! ) ; (2.29.3d)
I
2Mt%sin® O (4r +1)(r2 + 2Mr — Mt
Rigre = — ( rz)( ) ) (2.29.3¢)
12 (4r* +16Mr* — aM?tr + 16M?r? — 2M>*t> — Mt*r
Rrgrs = — ( 5 ) , (2.29.3f)
12sin> O (4r* -+ 16Mr* — AM?tr + 16M*r* — 2M*1> — Mt*r)
Rrgro = — > , (2.29.3g)
Rogog = —20°rsin’ O (2r° +4Mr* — 4Mtr+mt*) . (2.29.3h)
Ricci-Tensor:
2 (32 +12M> +2M1) 4M (3r+1t+6M)
R[[ == [2r2 5 er = T, (2294a)
2 (3r% + 12Mr +2Mt + 12M? 6 (12 4+2Mr—2Mt
Ry, — GBr+ :2 s ) . Rgy = (r tzr ) : (2.29.4b)
r

6 (2 +2Mr — 2Mt) sin? ®
Rop = ( 3 ) . (2.29.4¢)
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Ricci and Kretschmann scalars:

12 (r* +2Mr — 2Mt)

R= 6,2 , (2.29.5a)
T
48 (M*t* + 20M?r* + 20M 1> + 8M*r> — 4Mrt — 16M*r3t 4 5r°
a8l il M il ri+se) (2.29.5b)
11270
Comoving local tetrad:
V1+2M/r 2M/r 1 1 1
e = o — Or, €y=—F—0;, € =50y, €3=--——0dp. (229.6
(0) 12 T 1+2M]r ) 1+2M/r @)= 2,7 )™ 2rsino? ( )
Static local tetrad:
1 2M/r V1—2M/r 1 1
| = Or, =—0dy, =—>——0dy. (229.7
O o VT e i P €= 2% €0 Zrsmg e 2297

Further reading:
Sultana and Dyer[SD05].
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2.30 TaubNUT

The TaubNUT metric in Boyer-Lindquist like spherical coordinates (z,r, %, @) reads[BCJ02] (G=c=1)

d 2
ds* = —% (dt +2Ccos B dp)* + X (A’" +d®? + sin? 19d(p2> : (2.30.1)

where £ = r>+¢? and A = r*> —2Mr — (>. Here, M is the mass of the black hole and ¢ the magnetic
monopol strength.

Christoffel symbols:
Ap P A
L =35 L= Il = —2(*cos O35 (2.30.2a)
(A 20p A cos ¥ (A sin®
¢ _ _ Y _
o= s o= "5 o= (230.20)
; p r r - rA
rr _ﬂ’ Eg:f’ E(ng’ Fﬂﬂ:_f’ (2302C)
—20(r® —3Mr* — 3r(* + M{*)cos ¥
L, = 4 , (2.30.2d)
0 [cos? O (6r20% —802Mr —30* 4 r*) + £2
- [cos” 8 (6 Mr—30+r) + 27 (2.30.2¢)
¢ X2sin 9
r_ A 2 4422 At 5 32 y2
Lo=13 [cos X (9r€ FAPMP —APM 1P 2% ) rE } , (2.30.2f)
(4202 — AMr? — 0* + 1*) cot
Iy, = = : (2.30.2g)
6r20% — 8Mr(* — 3% + r*) sin ¥ cos ¥
Iy, - _(6r r > +r*) sin® cos 7 2.302h)
where p = 2r0? +Mr*> — M{?.
Static local tetrad:
X A 1 20cotd 1
€)=\ 2% =\ 3o o= 5% €= 5ot = (2:30.3)
Dual tetrad:
A Xz
0 = ,/f (dt +20cosdde), 61 = \/Zdr, 0% =vzdo, 00 =EZsinvde. (2.30.4)
Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the ¥ = 7/2 hyperplane yields
1, 1 k% 1A (W?
) =__ =_— == 2.30.5
7 Vest ¥k Vet 22(2 K ( )

with the constants of motion k = (A/X)f and h = £¢. For null geodesics, we obtain a photon orbit at
r = rpo with

1 M
rpo =M +2\/M? + (% cos (3 arccos \/W) (2.30.6)

Further reading:
Bini et al.[BCAM]JO03].
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