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Two distinct problems

1. Classification

• estimation of best discrete class (generally, class probabilities)

• e.g. star/galaxy/QSO discrimination using Gaia BP/RP and 
astrometry

2. Parametrization

• estimation of best continuous parameters (generally, probability 
distribution over the parameters)

• e.g. stellar astrophysical parameter (AP) estimation using Gaia BP/
RP, RVS, parallax

remember this!
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Methods of AP estimation (from spectra)

1. Physically-motivated metrics (equiv. widths, line indices etc.)

• isolate specific features sensitive to phenomena of interest

• generally restricted to narrow part of AP space

2. Global pattern recognition

• attempt to make use of all information in spectrum

• infer (learn) what is relevant for which APs

In all cases we must fit/calibrate/train the models 
on physical models to give physical parameters!
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Methods of pattern recognition

1. direct, global inverse mapping:  APs = g(spectrum)

2. template matching (k nearest neigbours)

3. forward modelling: spectrum = f(APs)
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Methods of pattern recognition

1. direct inverse mapping,  APs = g(spectrum)

• flexible; off-the-shelf methods (e.g. ANN, SVM); fast
• complex; non-unique; must learn sensitivity of APs to data; no 

natural uncertainty estimates or goodness-of-fit (GoF)

2. template matching (k nearest neigbours)

• direct; “ideal” method
• need a large grid: curse of dimensionality; slow; insensitive to 

weak APs  ➞  need adaptive kernel size, appropriate distance 
metric

3. forward modelling, spectrum = f(APs)

• model is unique; error/GoF estimates
• difficult to simultaneously fit strong and weak APs; need scheme 

to invert to get APs
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Gaia data
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• Basel and Marcs stellar libraries
• 34 pixels in each of BP and RP retained
• Nominal sampling, LSF included, noise added, but no CTI etc.

Teff / K = 
4000, 5000, 
6000, 7000, 
8500,10000, 
15000

AV=0, [Fe/H]=0,  
[α/Fe]=0, logg=4
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Teff and AV variation

AV = 0, 0.1, 0.5, 1, 2, 3, 4, 5, 8, 10

(RV=3.1)

Teff and AV: “strong” APs
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Teff and [Fe/H] variation

[Fe/H] = -3, -2, -1, 0, +0.5

(AV=0, [Fe/H]=0)

[Fe/H]: a “weak” AP
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Teff and logg variation

logg = -0.5, 0.5, 2, 3, 4, 5

(AV=0, [Fe/H]=0)

logg: a “weak” AP
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AP estimation algorithm based on forward modelling: 

ILIUM

Further reading:
CBJ-042, -043, -046, 048

on Livelink
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Some definitions

pi        counts in ith band     I bands
        (spectral pixel)

ϕj     jth AP                      J APs
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Forward modelling
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• Forward model for band i, pi = fi(ϕ)  (multiple APs)
• sensitivities are its derivatives w.r.t ϕj, sij = ∂pi/∂ϕj



Coryn Bailer-Jones, MPIA Heidelberg

AP, φ

pδ

= templates

true φ

flux, p

p1

p0

δφ

φ2 φ1

generative functionp2

measurement

forward model
1. find nearest neighbour: 

gives first AP estimate
2. calculate residual, δp
3. calculate sensitivity
4. make AP update
5. predict flux
6. iterate steps 2-5

2 C.A.L. Bailer-Jones et al.

AP, !

p"

= templates

true !

flux, p

p1

p0

"!

!2 !1

generative functionp2

measurement

forward model

Figure 1. Sketch of the local iterative interpolation principle for
one band (I=1) and one AP (J=1). The dashed blue line is the
(unknown) generative function, and the solid curved blue line is
the forward model (our approximation to the generative function)
formed by fitting a function to the templates (grid points). The
red line shows the local linear approximation of the forward model
used to calculate the AP step. (In the case show the forward model
could be inverted. But this is not generally the case, not even in
one dimension if it has a turning point.)

model etc. (There is a separate function for each band, but
for simplicity I will refer to it in the singular.) I will assume
that we don’t have a simple form for this function. All we
have for doing AP estimation is a discrete grid of example
spectra with known APs generated by the generative func-
tion. We must therefore approximate the generative function
using a forward model, which is a (nonlinear) parametrized
fit to the grid. With this we can predict the flux in a band
at arbitrary values of the APs, i.e. off the grid. (A separate
forward model can be fit independently for each band.) As
the forward models are continuous functions we can also use
them to calculate the sensitivities, which by definition are
the gradients of the flux with respect to each AP. The for-
ward model fitting is done just once for a given grid and is
kept fixed when predicting APs; it is a training procedure.

2.2 Core algorithm

The basic idea of ilium is as follows. Given a measured spec-
trum we find the nearest neighbour spectrum in the grid, i.e.
that which minimizes the sum-of-squares residual δpT δp.
We then calculate the sensitivities, {∂pi/∂φj}, at the near-
est neighbour and together with the residual δp use a first
order Taylor expansion of the forward model to determine
the offset to apply to the current AP estimate. This provides
a new AP estimate which we use in the forward model to
predict the flux in each band. We then iterate the procedure.

In detail, the algorithm is as follows (see also Fig. 1).
Consider first a single AP and single band. We first fit the
forward model to the grid, p̂ = f(φ). This remains fixed. We
measure p(0) and want to estimate the AP. The procedure
is as follows (n is the iteration number)

(i) Initialize: find nearest grid neighbour to p(0). Call this
[p(1), φ(1)]. φ(1) is the initial AP estimate.

(ii) Use the forward model to calculate the local sensitiv-
ities, ∂p

∂φ , at the current AP estimate.

(iii) Calculate the discrepancy (residual) between the pre-
dicted flux and the measured flux, δp(n) = p(n)− p(n− 1).
(This is p(1)− p(0) for the first iteration.)

(iv) Estimate the AP offset as δφ(n) =
“

∂φ
∂p

”

φ(n)
×δp(n),

i.e. a Taylor expansion truncated to the linear term. (Note
that the partial derivative is the reciprocal sensitivity.) This
is the offset between the true AP value and the current es-
timate in a local linear approximation.

(v) Make a step in AP space, φ(n + 1) = φ(n) − δφ(n).
(Note the sign, which steps toward the better estimate.) This
is the new AP prediction.

(vi) Use the forward model to predict the corresponding
(off-grid) flux, p(n + 1)

(vii) Iterate steps 2–7 until convergence is achieved or a
stop is imposed.

At each iteration we obtain an estimate of the APs (step
5) and the corresponding spectrum (step 6). The algorithm
alternates between estimating the APs and calculating an
update to apply to the current estimate. Convergence could
be defined in several ways, e.g. when changes in the spec-
trum or the APs (or their rate of change) drop below some
threshold. Alternatively we could simply stop after some
fixed number of iterations.

If the generative function were locally linear, and if the
forward model were exact (and the data were noise free),
then step 5 would yield the exact APs in the first iteration
and the algorithm would converge (as δp would be zero in
the next iteration). As neither the generative function nor
its approximation, the forward model, is linear, there is no
guarantee of convergence. For example, if the AP steps were
sufficiently large to move to a part of the function with a
sensitivity of the opposite sign, then the model could diverge
or get stuck in a limit cycle. For this, and other reasons, the
algorithm in practice has some additional features (discussed
in section 2.5).

2.3 Generalization to multiple APs and bands

In general we have several bands and several APs. The flux
perturbation due to small changes in the APs is then

δp = S δφ (1)

where S is the I × J sensitivity matrix with elements sij =
∂pi/∂φj . Note that I > J . Multiplying this equation on the
left by (ST S)−1ST gives

δφ = (ST S)−1ST δp (2)

so the AP update equation (step 5 in the algorithm) become

φ(n + 1) = φ(n)− (ST S)−1ST δp(n) (3)

The I forward models are now functions of J variables, and
this turns out to be a critical matter.

2.4 The forward model

The core of the algorithm just described can make use of
any form for the forward model, on the condition that it
provides values of the function and its first derivatives for
arbitrary values of the APs.

c© 0000 RAS, MNRAS 000, 000–000
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one band (I=1) and one AP (J=1). The dashed blue line is the
(unknown) generative function, and the solid curved blue line is
the forward model (our approximation to the generative function)
formed by fitting a function to the templates (grid points). The
red line shows the local linear approximation of the forward model
used to calculate the AP step. (In the case show the forward model
could be inverted. But this is not generally the case, not even in
one dimension if it has a turning point.)

model etc. (There is a separate function for each band, but
for simplicity I will refer to it in the singular.) I will assume
that we don’t have a simple form for this function. All we
have for doing AP estimation is a discrete grid of example
spectra with known APs generated by the generative func-
tion. We must therefore approximate the generative function
using a forward model, which is a (nonlinear) parametrized
fit to the grid. With this we can predict the flux in a band
at arbitrary values of the APs, i.e. off the grid. (A separate
forward model can be fit independently for each band.) As
the forward models are continuous functions we can also use
them to calculate the sensitivities, which by definition are
the gradients of the flux with respect to each AP. The for-
ward model fitting is done just once for a given grid and is
kept fixed when predicting APs; it is a training procedure.

2.2 Core algorithm

The basic idea of ilium is as follows. Given a measured spec-
trum we find the nearest neighbour spectrum in the grid, i.e.
that which minimizes the sum-of-squares residual δpT δp.
We then calculate the sensitivities, {∂pi/∂φj}, at the near-
est neighbour and together with the residual δp use a first
order Taylor expansion of the forward model to determine
the offset to apply to the current AP estimate. This provides
a new AP estimate which we use in the forward model to
predict the flux in each band. We then iterate the procedure.

In detail, the algorithm is as follows (see also Fig. 1).
Consider first a single AP and single band. We first fit the
forward model to the grid, p̂ = f(φ). This remains fixed. We
measure p(0) and want to estimate the AP. The procedure
is as follows (n is the iteration number)

(i) Initialize: find nearest grid neighbour to p(0). Call this
[p(1), φ(1)]. φ(1) is the initial AP estimate.

(ii) Use the forward model to calculate the local sensitiv-
ities, ∂p

∂φ , at the current AP estimate.

(iii) Calculate the discrepancy (residual) between the pre-
dicted flux and the measured flux, δp(n) = p(n)− p(n− 1).
(This is p(1)− p(0) for the first iteration.)

(iv) Estimate the AP offset as δφ(n) =
“

∂φ
∂p

”

φ(n)
×δp(n),

i.e. a Taylor expansion truncated to the linear term. (Note
that the partial derivative is the reciprocal sensitivity.) This
is the offset between the true AP value and the current es-
timate in a local linear approximation.

(v) Make a step in AP space, φ(n + 1) = φ(n) − δφ(n).
(Note the sign, which steps toward the better estimate.) This
is the new AP prediction.

(vi) Use the forward model to predict the corresponding
(off-grid) flux, p(n + 1)

(vii) Iterate steps 2–7 until convergence is achieved or a
stop is imposed.

At each iteration we obtain an estimate of the APs (step
5) and the corresponding spectrum (step 6). The algorithm
alternates between estimating the APs and calculating an
update to apply to the current estimate. Convergence could
be defined in several ways, e.g. when changes in the spec-
trum or the APs (or their rate of change) drop below some
threshold. Alternatively we could simply stop after some
fixed number of iterations.

If the generative function were locally linear, and if the
forward model were exact (and the data were noise free),
then step 5 would yield the exact APs in the first iteration
and the algorithm would converge (as δp would be zero in
the next iteration). As neither the generative function nor
its approximation, the forward model, is linear, there is no
guarantee of convergence. For example, if the AP steps were
sufficiently large to move to a part of the function with a
sensitivity of the opposite sign, then the model could diverge
or get stuck in a limit cycle. For this, and other reasons, the
algorithm in practice has some additional features (discussed
in section 2.5).

2.3 Generalization to multiple APs and bands

In general we have several bands and several APs. The flux
perturbation due to small changes in the APs is then

δp = S δφ (1)

where S is the I × J sensitivity matrix with elements sij =
∂pi/∂φj . Note that I > J . Multiplying this equation on the
left by (ST S)−1ST gives

δφ = (ST S)−1ST δp (2)

so the AP update equation (step 5 in the algorithm) become

φ(n + 1) = φ(n)− (ST S)−1ST δp(n) (3)

The I forward models are now functions of J variables, and
this turns out to be a critical matter.

2.4 The forward model

The core of the algorithm just described can make use of
any form for the forward model, on the condition that it
provides values of the function and its first derivatives for
arbitrary values of the APs.
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Generalization to multiple bands and APs

This can be written (for AP j) as:

i.e. the update is a sensitivity-weighted sum over the bands

4 C.A.L. Bailer-Jones et al.
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Figure 4. Schematic illustration of the two components of the forward model fit over all the strong and weak points in the grid in Fig. 3
Left: the fit over the strong APs. Right: one of the fits over the weak APs (the solid/red points in the left panel at k=14).

2.5.1 Standardized variables

The spectral variables are observed photon counts (to within
an irrelevant constant factor). The APs are all on logarith-
mic scales: extinction in magnitudes, log g and [Fe/H] in
dex, and log(Teff). In order to bring each variable to the
same level, I standardize the flux in each band and each AP,
i.e. I linearly scale each to have zero mean and unit standard
deviation.

2.5.2 Forward model functions

Currently both the strong and weak components of the for-
ward model are fit using smoothing splines (e.g. Hastie et
al. 2001). Conventional cubic splines have the drawback
that one must control their complexity (smoothness) using
the number and position of the knots. Smoothing splines
circumvent this problem by setting a knot at every point
(which would overfit the data) and then applying a smooth-
ing penalty which is controlled via the effective degrees-of-
freedom (dof). I set this by trial and error and inspection
of the resulting fits. For the 2D problems Teff+log g and
Teff+[Fe/H] described in sections 4 and 5, both the strong
and the weak model splines are 1D. The strong model uses
dof= nTeff/2 = 16.5 where nTeff is the number of unique
Teff points. As the maximum number of log g points is 10
(for the training data), and because the variation with log g
is quite smooth, I set the dof for these fits to be 4. How-
ever, many of the Teff values in the training grid have fewer
log g or [Fe/H] points: To avoid overfitting, if nlogg(Teff) ≤ 4
then a linear fit is used. If nlogg(Teff) = 1, then no fit is per-
formed and this weak component of the forward model is
zero. (Practical aspects of higher dimensional forward mod-
els are described in section 6.)

2.5.3 Sensitivity estimation

If the forward model is a simple analytical function, then it
may have analytical first derivatives which can be used to
calculate the sensitivities. But in the general case we can

use the method of first differences

∂p
∂φj

" f(φ + δφj)− f(φ− δφj)
2 δφj

(5)

I select δφj to be slightly smaller than the maximum preci-
sion a priori possible in an AP. As the forward model must
be smooth at this resolution, the first difference approxima-
tion is sufficiently accurate. For the examples shown later,
I choose δφj to be 0.05 dex for log g and [Fe/H], 0.0005 for
log(Teff) (0.1% for Teff) and 0.03 dex for AV.

2.5.4 Lower limit on sensitivities

Given that the AP updates depend upon the inverse of the
sensitivity matrix (equation 2), it is prudent to prevent the
sensitivities being too small. For this reason, a lower limit
is placed on the absolute value of each sensitivity, sij , of
0.001 (with p and φ in standardized units). On the data
set introduced later, no band fell below this limit in most
iterations for most objects, and even when it did it was only
for a few bands. Removing this lower limit actually never
resulted in singular matrix and had negligible impact on
the results, so for all practical purposes its existence can be
ignored.

2.5.5 AP update contribution clipping

Equation 2 can be written

φ(n + 1) = φ(n)−M δp(n) (6)

where

M = (ST S)−1ST (7)

is a J × I matrix. The above equation gives J update equa-
tions, one for each AP. The update for AP j can be written
as the dot product of two vectors, the jth row of M, mj with
p(n), i.e.

φj(n + 1) = φj(n)−mj δp(n)

= φj(n)−
X

i

mijδpi(n)

= φj(n)−
X

i

uij(n) (8)
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Figure 1. Sketch of the local iterative interpolation principle for
one band (I=1) and one AP (J=1). The dashed blue line is the
(unknown) generative function, and the solid curved blue line is
the forward model (our approximation to the generative function)
formed by fitting a function to the templates (grid points). The
red line shows the local linear approximation of the forward model
used to calculate the AP step. (In the case show the forward model
could be inverted. But this is not generally the case, not even in
one dimension if it has a turning point.)

model etc. (There is a separate function for each band, but
for simplicity I will refer to it in the singular.) I will assume
that we don’t have a simple form for this function. All we
have for doing AP estimation is a discrete grid of example
spectra with known APs generated by the generative func-
tion. We must therefore approximate the generative function
using a forward model, which is a (nonlinear) parametrized
fit to the grid. With this we can predict the flux in a band
at arbitrary values of the APs, i.e. off the grid. (A separate
forward model can be fit independently for each band.) As
the forward models are continuous functions we can also use
them to calculate the sensitivities, which by definition are
the gradients of the flux with respect to each AP. The for-
ward model fitting is done just once for a given grid and is
kept fixed when predicting APs; it is a training procedure.

2.2 Core algorithm

The basic idea of ilium is as follows. Given a measured spec-
trum we find the nearest neighbour spectrum in the grid, i.e.
that which minimizes the sum-of-squares residual δpT δp.
We then calculate the sensitivities, {∂pi/∂φj}, at the near-
est neighbour and together with the residual δp use a first
order Taylor expansion of the forward model to determine
the offset to apply to the current AP estimate. This provides
a new AP estimate which we use in the forward model to
predict the flux in each band. We then iterate the procedure.

In detail, the algorithm is as follows (see also Fig. 1).
Consider first a single AP and single band. We first fit the
forward model to the grid, p̂ = f(φ). This remains fixed. We
measure p(0) and want to estimate the AP. The procedure
is as follows (n is the iteration number)

(i) Initialize: find nearest grid neighbour to p(0). Call this
[p(1), φ(1)]. φ(1) is the initial AP estimate.

(ii) Use the forward model to calculate the local sensitiv-
ities, ∂p

∂φ , at the current AP estimate.

(iii) Calculate the discrepancy (residual) between the pre-
dicted flux and the measured flux, δp(n) = p(n)− p(n− 1).
(This is p(1)− p(0) for the first iteration.)

(iv) Estimate the AP offset as δφ(n) =
“

∂φ
∂p

”

φ(n)
×δp(n),

i.e. a Taylor expansion truncated to the linear term. (Note
that the partial derivative is the reciprocal sensitivity.) This
is the offset between the true AP value and the current es-
timate in a local linear approximation.

(v) Make a step in AP space, φ(n + 1) = φ(n) − δφ(n).
(Note the sign, which steps toward the better estimate.) This
is the new AP prediction.

(vi) Use the forward model to predict the corresponding
(off-grid) flux, p(n + 1)

(vii) Iterate steps 2–7 until convergence is achieved or a
stop is imposed.

At each iteration we obtain an estimate of the APs (step
5) and the corresponding spectrum (step 6). The algorithm
alternates between estimating the APs and calculating an
update to apply to the current estimate. Convergence could
be defined in several ways, e.g. when changes in the spec-
trum or the APs (or their rate of change) drop below some
threshold. Alternatively we could simply stop after some
fixed number of iterations.

If the generative function were locally linear, and if the
forward model were exact (and the data were noise free),
then step 5 would yield the exact APs in the first iteration
and the algorithm would converge (as δp would be zero in
the next iteration). As neither the generative function nor
its approximation, the forward model, is linear, there is no
guarantee of convergence. For example, if the AP steps were
sufficiently large to move to a part of the function with a
sensitivity of the opposite sign, then the model could diverge
or get stuck in a limit cycle. For this, and other reasons, the
algorithm in practice has some additional features (discussed
in section 2.5).

2.3 Generalization to multiple APs and bands

In general we have several bands and several APs. The flux
perturbation due to small changes in the APs is then

δp = S δφ (1)

where S is the I × J sensitivity matrix with elements sij =
∂pi/∂φj . Note that I > J . Multiplying this equation on the
left by (ST S)−1ST gives

δφ = (ST S)−1ST δp (2)

so the AP update equation (step 5 in the algorithm) become

φ(n + 1) = φ(n)− (ST S)−1ST δp(n) (3)

The I forward models are now functions of J variables, and
this turns out to be a critical matter.

2.4 The forward model

The core of the algorithm just described can make use of
any form for the forward model, on the condition that it
provides values of the function and its first derivatives for
arbitrary values of the APs.
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Figure 1. Sketch of the local iterative interpolation principle for
one band (I=1) and one AP (J=1). The dashed blue line is the
(unknown) generative function, and the solid curved blue line is
the forward model (our approximation to the generative function)
formed by fitting a function to the templates (grid points). The
red line shows the local linear approximation of the forward model
used to calculate the AP step. (In the case show the forward model
could be inverted. But this is not generally the case, not even in
one dimension if it has a turning point.)

model etc. (There is a separate function for each band, but
for simplicity I will refer to it in the singular.) I will assume
that we don’t have a simple form for this function. All we
have for doing AP estimation is a discrete grid of example
spectra with known APs generated by the generative func-
tion. We must therefore approximate the generative function
using a forward model, which is a (nonlinear) parametrized
fit to the grid. With this we can predict the flux in a band
at arbitrary values of the APs, i.e. off the grid. (A separate
forward model can be fit independently for each band.) As
the forward models are continuous functions we can also use
them to calculate the sensitivities, which by definition are
the gradients of the flux with respect to each AP. The for-
ward model fitting is done just once for a given grid and is
kept fixed when predicting APs; it is a training procedure.

2.2 Core algorithm

The basic idea of ilium is as follows. Given a measured spec-
trum we find the nearest neighbour spectrum in the grid, i.e.
that which minimizes the sum-of-squares residual δpT δp.
We then calculate the sensitivities, {∂pi/∂φj}, at the near-
est neighbour and together with the residual δp use a first
order Taylor expansion of the forward model to determine
the offset to apply to the current AP estimate. This provides
a new AP estimate which we use in the forward model to
predict the flux in each band. We then iterate the procedure.

In detail, the algorithm is as follows (see also Fig. 1).
Consider first a single AP and single band. We first fit the
forward model to the grid, p̂ = f(φ). This remains fixed. We
measure p(0) and want to estimate the AP. The procedure
is as follows (n is the iteration number)

(i) Initialize: find nearest grid neighbour to p(0). Call this
[p(1), φ(1)]. φ(1) is the initial AP estimate.

(ii) Use the forward model to calculate the local sensitiv-
ities, ∂p

∂φ , at the current AP estimate.

(iii) Calculate the discrepancy (residual) between the pre-
dicted flux and the measured flux, δp(n) = p(n)− p(n− 1).
(This is p(1)− p(0) for the first iteration.)

(iv) Estimate the AP offset as δφ(n) =
“

∂φ
∂p

”

φ(n)
×δp(n),

i.e. a Taylor expansion truncated to the linear term. (Note
that the partial derivative is the reciprocal sensitivity.) This
is the offset between the true AP value and the current es-
timate in a local linear approximation.

(v) Make a step in AP space, φ(n + 1) = φ(n) − δφ(n).
(Note the sign, which steps toward the better estimate.) This
is the new AP prediction.

(vi) Use the forward model to predict the corresponding
(off-grid) flux, p(n + 1)

(vii) Iterate steps 2–7 until convergence is achieved or a
stop is imposed.

At each iteration we obtain an estimate of the APs (step
5) and the corresponding spectrum (step 6). The algorithm
alternates between estimating the APs and calculating an
update to apply to the current estimate. Convergence could
be defined in several ways, e.g. when changes in the spec-
trum or the APs (or their rate of change) drop below some
threshold. Alternatively we could simply stop after some
fixed number of iterations.

If the generative function were locally linear, and if the
forward model were exact (and the data were noise free),
then step 5 would yield the exact APs in the first iteration
and the algorithm would converge (as δp would be zero in
the next iteration). As neither the generative function nor
its approximation, the forward model, is linear, there is no
guarantee of convergence. For example, if the AP steps were
sufficiently large to move to a part of the function with a
sensitivity of the opposite sign, then the model could diverge
or get stuck in a limit cycle. For this, and other reasons, the
algorithm in practice has some additional features (discussed
in section 2.5).

2.3 Generalization to multiple APs and bands

In general we have several bands and several APs. The flux
perturbation due to small changes in the APs is then

δp = S δφ (1)

where S is the I × J sensitivity matrix with elements sij =
∂pi/∂φj . Note that I > J . Multiplying this equation on the
left by (ST S)−1ST gives

δφ = (ST S)−1ST δp (2)

so the AP update equation (step 5 in the algorithm) become

φ(n + 1) = φ(n)− (ST S)−1ST δp(n) (3)

The I forward models are now functions of J variables, and
this turns out to be a critical matter.

2.4 The forward model

The core of the algorithm just described can make use of
any form for the forward model, on the condition that it
provides values of the function and its first derivatives for
arbitrary values of the APs.

c© 0000 RAS, MNRAS 000, 000–000

I bands, J APs (I > J)
S is the I x J sensitivity matrix
with elements sij = ∂pi/∂ϕj 
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Form and fit of the forward models
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Form and fit of the forward models

• Model strong and weak APs independently
• Fit strong APs by marginalizing over the weak, fstrong(ϕstrong)
• At each strong AP, fit residual flux to the weak APs, fkweak(ϕweak)
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Applying the forward model

Given the APs (ϕstrong, ϕweak)
1. Evaluate fstrong(ϕstrong)

2. Select weak component: find ϕkstrong, nearest neighbour in grid to ϕstrong

3. Evaluate fkweak(ϕweak)

4. f(ϕstrong, ϕweak) = fstrong(ϕstrong) + fkweak(ϕweak)
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Application 1:  Teff/logg estimation
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Forward model fit over Teff (logg=4.0)
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Coryn Bailer-Jones, MPIA Heidelberg

Forward model fit over logg (at 5000K)
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Figure 13. AP evolution for 5 stars in the test data set at G=15
(log g left, Teff right) for the TG problem. The true APs are writ-
ten at the top of each panel pair and plotted as the red horizontal
line. GoF is the reduced χ2 goodness-of-fit (equation 12).

actually only occurs for the cooler stars: the performance for
stars hotter than about 8000K is no worse, because metal-
licity has essentially no impact on hot star spectra.

All pattern recognition methods obviously require a
close resemblance between training and test data The de-
gree of mismatch which can be tollerated depends to some
degree on the data preprocessing. For example, if the data
were higher resolution spectroscopy and preprocessing re-
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Figure 14. AP residuals for the TG problem at G=15

moved the continuum, the classifier would be more robust
to flux calibration errors. I have made a quick assessment of
the impact of such mismtatchs on ilium. I first simulated a
1% background subtraction error by adding a small value,
a, to every pixel in a spectrum. (a is selected at random
from a zero mean Gaussian with standard deviation equal
to 1% of the median flux in that spectrum.) Even this small
perturbation to the test spectra (only) increases the overall
errors in the APs by a factor of about five at G=15, i.e. to
the performance we previously achieved at G=18.5. Adding
as much as a 5% error renders the log g estimates virtually
useless, and introduces a systematic error into the Teff es-
timates. If we instead multiply each pixel by (1 + a), with
a=0.01, to simulate a systematic flux calibration error, the
ilium appers to be more robust: At G=15 the errors are
increased by a factor of two for Teff and four for log g.

5 APPLICATION TO THE Teff+[Fe/H]
PROBLEM (TM)

I now use ilium to estimate Teff and [Fe/H] on the two
grids TM-dwarfs and TM-giants defined in section 3.2. Note
that each of these has some spread in log g values acting
as cosmic scatter. A separate model is fit for the two grids
of course. The models are then applied to the corresponding
test sets with noise levels at three magnitudes. The summary
performance statistics are show in six lines in Table 2. As
there is essentially no sensitivity to metallicity at Teff above
7000K (Fig. 9), I only report results on cooler stars, even
though the ilium model was fit to the full Teff range.

Looking first at the Teff performance, we see that the
precision is twice as good as TG at all magnitudes (e.g.
0.007 dex compared to 0.019 dex). This is probably a result
of the smaller Teff range, i.e. we can estimate log(Teff) more
precisely for cool stars. The systematic at G=20 for TM-
giant is probably significant (seven times the sem), but is
still much smaller than the random error. Within the Teff

range 4000–7000K there is no strong dependence of the Teff

precision with Teff or [Fe/H]. The Teff precision is no better
if we remove the metal poor stars at −3.0 and −4.0 dex
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Figure 13. AP evolution for 5 stars in the test data set at G=15
(log g left, Teff right) for the TG problem. The true APs are writ-
ten at the top of each panel pair and plotted as the red horizontal
line. GoF is the reduced χ2 goodness-of-fit (equation 12).

actually only occurs for the cooler stars: the performance for
stars hotter than about 8000K is no worse, because metal-
licity has essentially no impact on hot star spectra.

All pattern recognition methods obviously require a
close resemblance between training and test data The de-
gree of mismatch which can be tollerated depends to some
degree on the data preprocessing. For example, if the data
were higher resolution spectroscopy and preprocessing re-
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Figure 14. AP residuals for the TG problem at G=15

moved the continuum, the classifier would be more robust
to flux calibration errors. I have made a quick assessment of
the impact of such mismtatchs on ilium. I first simulated a
1% background subtraction error by adding a small value,
a, to every pixel in a spectrum. (a is selected at random
from a zero mean Gaussian with standard deviation equal
to 1% of the median flux in that spectrum.) Even this small
perturbation to the test spectra (only) increases the overall
errors in the APs by a factor of about five at G=15, i.e. to
the performance we previously achieved at G=18.5. Adding
as much as a 5% error renders the log g estimates virtually
useless, and introduces a systematic error into the Teff es-
timates. If we instead multiply each pixel by (1 + a), with
a=0.01, to simulate a systematic flux calibration error, the
ilium appers to be more robust: At G=15 the errors are
increased by a factor of two for Teff and four for log g.

5 APPLICATION TO THE Teff+[Fe/H]
PROBLEM (TM)

I now use ilium to estimate Teff and [Fe/H] on the two
grids TM-dwarfs and TM-giants defined in section 3.2. Note
that each of these has some spread in log g values acting
as cosmic scatter. A separate model is fit for the two grids
of course. The models are then applied to the corresponding
test sets with noise levels at three magnitudes. The summary
performance statistics are show in six lines in Table 2. As
there is essentially no sensitivity to metallicity at Teff above
7000K (Fig. 9), I only report results on cooler stars, even
though the ilium model was fit to the full Teff range.

Looking first at the Teff performance, we see that the
precision is twice as good as TG at all magnitudes (e.g.
0.007 dex compared to 0.019 dex). This is probably a result
of the smaller Teff range, i.e. we can estimate log(Teff) more
precisely for cool stars. The systematic at G=20 for TM-
giant is probably significant (seven times the sem), but is
still much smaller than the random error. Within the Teff

range 4000–7000K there is no strong dependence of the Teff

precision with Teff or [Fe/H]. The Teff precision is no better
if we remove the metal poor stars at −3.0 and −4.0 dex

c© 0000 RAS, MNRAS 000, 000–000

Apply ILIUIM to G=15 data

Evolution of APs during fitting
for 5 stars (logg left, Teff right)



Coryn Bailer-Jones, MPIA Heidelberg

−0.3 −0.2 −0.1 0.0 0.1 0.2 0.3

0
1

2
3

4
5

6

logg residual

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

● ●

●

● ●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

● ●

●

●

●

●

●

● ●●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●

●
●

● ●
●● ●

●
● ● ●

●

●

●
● ●

●

●

●
● ●●

●
● ●

●
●

●

●

●

●

● ●
●

● ●●

● ● ● ●

●

●

●

●

● ●

●
● ● ●

●

●

0 1 2 3 4 5

−0
.3

−0
.1

0.
1

0.
3

logg

lo
gg

 re
sid

●

●

●

●

●

●

●
●

●

●

●
● ●

●
●

●
●

●

●

●

●

●
●

●

●
●

●

● ●

●

● ●
●

●
●

●

● ●

●

●
●

●
●

●

● ●●

●

●

● ●

●

●
● ●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

● ●

●

●

● ●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

0 1 2 3 4 5

−0
.0

04
0.

00
0

0.
00

4

logg

lo
g(

Te
ff)

 re
sid

−0.004 −0.002 0.000 0.002 0.004 0.006

0
10

0
20

0
30

0
40

0

log(Teff) residual

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●
●

● ●

●

●●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●●

●

●

●

●

●

●●●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●●

●
●

●●
● ●●

●
●●●

●

●

●
●●

●

●

●
●●●

●
●●
●

●

●

●

●

●

●●
●

●● ●

●●●●

●

●

●

●

●●

●
●●
●
●

●

3.6 3.7 3.8 3.9 4.0 4.1

−0
.3

−0
.1

0.
1

0.
3

log(Teff)

lo
gg

 re
sid

●

●

●

●

●

●

●
●

●

●

●
●●

●
●

●
●

●

●

●

●

●
●
●

●
●

●

●●

●

●●
●

●
●

●

●●

●

●
●

●
●
●

●●●

●

●

●●

●

●
● ●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●
●

●

●

●●

●

●

●●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●

●

●
●
●

●

●
●

●

●

●

●

●

●

● ●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

3.6 3.7 3.8 3.9 4.0 4.1

−0
.0

04
0.

00
0

0.
00

4

log(Teff)
lo

g(
Te

ff)
 re

sid

Mean absolute errors: log(Teff)=0.0010, logg=0.065    (G=15)
 0.0057         0.35   (G=18.5)
0.019           1.14     (G=20)
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Application 2:  Teff/[Fe/H] estimation
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Coryn Bailer-Jones, MPIA Heidelberg

Forward model fit over [Fe/H] (at 5000K)
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Coryn Bailer-Jones, MPIA Heidelberg

Performance on Teff/[Fe/H] problem

Mean abs. errors for Teff ≤ 7000K:
log(Teff)        [Fe/H]                        

               0.0017           0.14      (G=15)
               0.0024            0.26   (G=18.5)
               0.0070            0.82     (G=20)
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ilium 5

will see that on occasion some are much larger than the oth-
ers. This is undesirable, because it means that the update is
dominated by just one or a few components (which may be
adversely affected by noise, because δp(n) is a noisy mea-
surement). For this reason, I clip outliers in the spectrum of
the I updates. (It is valid to compare the updates for differ-
ent bands, because we work with standardized fluxes.) To
be robust, I set an upper (lower) limit which is a multiple
c of the median of those points above (below) the median.
Using the notation θ() to denote median, the limits are

uupper = θ(ui) + c[θ(ui > θ(ui))− θ(ui)]

ulower = θ(ui) + c[θ(ui < θ(ui))− θ(ui)] (9)

I somewhat arbitarily set c = 10 so as to be relatively con-
servative in clipping.

2.5.6 Upper limit on AP update step size

The AP steps at each iteration (equation 2) could be very
large. This is undesirable, because the updates arex based
on a local linear approximation to the generative function.
The code therefore imposes upper limits on the AP updates,
corresponding to steps no larger than about 2.0 dex in log g
and [Fe/H], 0.04 in log(Teff) (10% in Teff) and 0.3 dex in AV.
A larger step size is permitted for the weaker AP because
the initial nearest neighbour offset can be quite incorrect.
These limits are rarely imposed in practice.

2.5.7 Limit AP extrapolation

We do not expect the forward model to make good predic-
tions beyond the AP extremes of the grid, so I set upper and
lower limits on the AP estimates which ilium can provide.
These are set as e times the range of each AP, i.e.

upper limit = max φj + γ(max φj −min φj)

lower limit = minφj − γ(max φj −min φj) (10)

I set γ = 0.1.

2.5.8 Stopping criterion

The algorithm is simply run for a fixed number of iterations
(20). In many cases we observe good natural convergence by
this time, so a more sophisticated stopping criterion is not
necessary at present.

2.6 Performance statistics

The model performance is assessed primarily via the AP
residuals (estimated minus true) on an evaluation (or “test”)
data set. In addition to examining these as a function of
the APs, I report three statistics : (1) the root-mean-square

(RMS),

q
δφ2, which I abbreviate with εrms; (2) the mean

absolute residual, |δφ|, which is more robust than the RMS,
abbreviated as εabs; (3) the mean residual, δφ, a measure of
the systematic error, abbreviated as εsys. If the resisduals
had a Gaussian distribution then the RMS would equal the
Gaussian 1σ which would be 1.48 times larger than εabs.

2.7 Uncertainty estimates

If vectors y and x are related by a transformation y = Ax
then a standard result of matrix albegra is that the covari-
ance of y is Cy = ACxAT where Cx is the covariance of x.
Applying this to equation 2 gives us an expression for the
covariance in the APs

Cφ = (ST S)−1ST CpS(ST S)−1 (11)

as a function of the sensitivity (calculated at the estimated
APs) and the covariance in the photometry, Cp. Equating
the latter with estimates from a photometric error model
(which we usually have) gives us an estimate of the corre-
sponding uncertainties in the APs. (This estimate implictly
assumes that ilium is providing unbiased AP estimates and
that the sensitivities have zero covariance, i.e. have been
estimated exactly. Neither condition is entirely true in prac-
tice.) If the photometric errors in the spectrum/bands are
independent then Cp will be diagonal. Note that even in this
case Cφ is generally non-diagonal: the AP estimates are cor-
related on account of the sensitivities. Note that equation 11
can be written Cφ = MCpMT where M is the update matrix
introduced in equation 7.

Because we have a forward model, we can also calculate
a goodness-of-fit (GoF) for any estimate of the APs. For
example, we can use the reduced-χ2

χ2
r =

1
I − 1

i=IX

i=1

„
pi − p̂i

σpi

«2

(12)

where p̂i = fi(φj) is the spectrum predicted by the forward
model. The {σpi} are estimates of the standard deviation of
the noise in the measured flux.1 This is just a special case
(to within a multiplicative constant) of the distance estimate
δpT C−1

p δp for a diagonal covariance matrix.
It is worth noting that conventional methods of AP es-

timation by direct modelling of the APs as a function of the
data (e.g. with SVMs or ANNs) cannot naturally provide
AP estimates or a a GoF for unlabelled data, because they
lack a forward model.

3 TESTING THE ALGORITHM

3.1 Gaia simulations

To illustrate ilium, I apply it to simulated Gaia stellar spec-
tra. Gaia will observe all of its targets with two low disper-
sion slitless prism spectrographs, together covering the wave-
length range between the mirror silver cut-off (at around
350 nm) and the CCD cut-off (1050 nm). (These are cre-
atively called “BP” for blue photometer and “RP” for red
photometer.) The dispersion varies from 3 nm/pixel at the
blue end to 30 nm/pixel at the red end (Brown 2006). The
blue and the red spectra are each sampled with 60 pixels but
the line-spread-function of the spectrograph is much broader
so these samples are not independent. After removing low
signal-to-noise regions of the spectra, I retain 34 pixels in

1 I use I−1 degrees of freedom rather than I because the spectra
are standardized, a process which “uses up” a degree of freedom
by bringing them to a common scale.

c© 0000 RAS, MNRAS 000, 000–000
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Application 3:  Teff-AV/logg estimation
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Forward model fit over AV (at 10000K and logg=4.0)
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Performance on Teff-AV/logg problem
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Correlated residuals
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Teff - AV degeneracy

• Degeneracy: single spectrum corresponds to multiple AP 
solutions (spectra the same to within the noise)

• Can systematically map the degeneracy

• next page: each panel shows inverse distance squared between 
some noise-free spectrum (black point) and every other (noisy) 
spectrum in Teff/AV grid, on a colour scale (white close, red far)
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Full probabilistic extension

• Given forward model, define a likelihood function

• e.g.

• sample this (e.g. MCMC) to get a probability density function

CU8
ILIUM IV
GAIA-C8-TN-MPIA-CBJ-048

have not used equation 17 of CBJ-046 to calculate Cφ. For simplicity I instead use a diagonal
form with 0.052 as the two diagonal elements. As I am working with standardized variables
this corresponds to assuming an uncertainty in the APs of order 5%. The corresponding inverse
distance (squared) plot is shown in Fig. 26. This shows some interesting patterns, more complex
than those with the noise-weighted distance metric.

But does it give fewer degeneracies? Comparing either plot with the corresponding noise-
weighted case, it appears that the degeneracy region is larger when using the sensitivity-weighted
distance. This is not what I expected: I had hoped that the sensitivity weighting would be more
discriminant and thus reduce the number of degeneracies. In fact it may have, because as al-
ready mentioned we don’t expect D2

sw to follow a χ2 distribution, so comparing figures Fig. 23
and Fig. 25 may not be a fair comparison. Based only on these plots we cannot yet say whether
use of the sensitivities defines a smaller degeneracy region.

The actual value of the critical value H2
sw ranges from 103.4 to 107.1 for the 16 stars, compared

to H2
cpw = 108.5. This suggests that the sensitivity part of R in equation 1 makes up between

1% and 5% of the total distance measure when using Cφ = diag(0.052). The fact that R has a
larger magnitude when we include a sensitivity term does not in itself explain why the band is
wider when using D2

sw rather than D2
cpw, because in both cases we select the stars within some

factor of the expected distance for that metric. That is, a larger R gives smaller distances, but
the distance limit, H2, is also smaller. Rather it is the fact that we have a constant term in R in
addition to the photometric noise variance which does not “cancel” with the noise part of δp. If
I increase the diagonal elements of Cφ to 0.52, i.e. assume the errors in the APs are a factor of 10
larger, then the degeneracy bands get wider, even though the critical value H2

sw is recalculated
(it now lies between 98.9 and 106.8). This is because there is now an even larger term in R
which cannot “cancel”. This further suggests that simply defining a critical value which tries to
correspond to the 99.9% limit for the χ2 metric D2

cpw is inappropriate.

4.2.2 Conversion of distances to probabilities

A key point of this discussion is that the size of the degenerate region depends on what we
define as a “close” spectrum, and correspondingly what distance limit we adopt or colour scale
we use for the map. The larger the distance the less likely we think there is a degeneracy. To
quanity this consistently we must convert the distance into a probability. One of the simplest
definitions for an appropriate probability density function is

P ′(D2) ∝ e−D2/2 (6)

The choice of function is motivated by the property that P ′ decreases monotonically for increas-
ing D2, has the limit P ′(D2→∞) → 0, is finite at D2 = 0, and has a finite integral over all
values of D. (The factor of 1/2 in the exponent just makes it a multidimensional Gaussian.) We
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Conclusions

• forward modelling brings significant advantages

• avoid inverse problem

• sensitivity weighting, uncertainty and GoF estimation, model 
strong and weak APs separately

• ILIUM: sensitivity-based, local, iterative method

• good Teff, AV performance to G=18.5; [Fe/H] and logg good 
to at least G=15

• but strong and ubiquitous Teff-AV degeneracy in BP/RP

• no unique solution

• can map in advance: ILIUM etc. to locate the degeneracy ridge

• use additional information where possible to reduce it


